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1.1. DIAGRAMMATIC ALGEBRAS 9

The primary goal of this chapter consists in establishing the foundational result
of Issai Schur and Hermann Weyl, known as the Schur-Weyl duality, which relates
the symmetric group &,, and the complex general linear group GL4. Moreover, this
chapter explores other adaptations of this theorem for distinct groups and algebras.

Theorem (Schur-Weyl duality [Sch27; Wey46]). The space of n-fold tensors over
C? decomposes under the action of the direct product group GLg x &,, as follows:

((Cd)®n ~ @ V/\d ® V.
S

Where Vi is an irreducible representation space of GLg and Vy is an irreducible
representation space of &,,.

For a comprehensive exploration of the representation theory concerning the sym-
metric group &,, and the complex general linear group GLg4, refer to Appendix A.
However, the current section aims to provide a self-contained exposition.

Subsequently, two notations for permutations and partitions of the set {1,...,n}
are employed. The conventional cyclic notation (1 2 3)(4 5) denotes the permutation:

1 23 45
2 315 4)°
and the notation 123 |45 represents the partition:

{{1,2,3},{4,5}}.

1.1 Diagrammatic algebras

The term diagram algebras has no specific definition by axiomatic properties or
other rigorous means. In the present thesis, a diagram algebra refers to a finite unital
associative algebra over the complex field, where the basis consists of homotopy
classes of diagrams. The multiplication operation within this algebraic structure
finds its definition through the process of concatenation. For a survey on diagram
algebras, see [Koe08; HJ20].

In the context of finite dimensional algebras over the algebraically closed field C,
the notion of semisimplicity is employed interchangeably with that of the direct
sum of full matrix algebras, closed under matrix multiplication.
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1.1.1 Symmetric group algebra Sy

Define &, as the symmetric group, which is the group of order k! containing
all the permutations of the set {1,...,k}. Given a permutation o belonging to
the symmetric group &y, it is possible to represent this permutation as a diagram
via a graph consisting of 2k vertices. These vertices are divided equally between two
columns.

Interpretation of the diagram proceeds from right to left. A connection between
the ¢-th vertex in the right column and the j-th vertex in the left column is established
if and only if the relation (i) = j holds. For example,

o1

-

represents the permutation (12 3) of the symmetric group &s.

The composition, denoted by o o 7, of two permutations ¢ and 7 of the symmetric
group &y, is obtained by positioning the diagram of 7 immediately to the right of
the diagram of o, and subsequently associating the leftmost column of 7’s diagram
with the rightmost column of ¢’s diagram. For example, consider the following two
permutations o = (124) and 7 := (1 2)(3), which are elements of the symmetric
group Sg,

° ° ° /o
o= QKQ and T = cxo
0/ (] @ m— @

the composition o o 7 = (1 3)(2) becomes

Ix/\:IZ:x‘ N/
/’ 0/\0

Numerous generating sets for the symmetric group &, exist, with varying cardi-
nalities. A particularly notable generating set is the collection of adjacent transpo-
sitions. This set is characterized by containing the £ — 1 permutations of the form
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(2 i41), forall 1 <i < k:

° o1
° i1
° ®
P
onz#—l
° ®ii2
° ® i

Let o be an element of the symmetric group Gk. The cycle type associated
with o, denoted by A, is defined as the [-tuple containing the lengths of the [ disjoint
cycles composing o, arranged in non-increasing order. As a consequence, the cycle
type A corresponds to a partition of the integer k into [ parts, denoted by A - k.
This partition A obeys the following conditions:

AN >---> )\  and ZAZ:/{:.

Given a partition A F k., let \' denote the conjugate partition associated with A,
defined by: A} is the number of parts in A that are greater than or equal to i. A
partition A = k£ may be represented as a Young diagram, which is a collection of k
empty boxes arranged in left-justified rows such that the i-th row contains \; boxes.
The conjugate partition X', is the partition corresponding to transposing the Young
diagram representing \. For example, consider the permutation ¢ € &7, expressed
as a product of disjoint cycles, arranged in non-increasing order, by

o= (1234)(567).

The cycle type of o is the partition A = 7 given by A := (4, 3), where the i-th entry
of A denotes the length of the i-th cycle in the disjoint cycle decomposition of o.
Moreover, the partition A can be represented using a Young diagram, which consists
of 2 rows with 4 and 3 boxes, respectively

The conjugate partition X' == (2,2,2,1) is represented using a Young diagram, which
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consists of 4 rows with 2, 2, 2, and 1 boxes, respectively:

Note that A| is the length of the first column of A. Within the context of the
symmetric group &g, the concept of cycle type plays a crucial role in characterizing
conjugacy classes. Specifically, two permutations in &y are said to be conjugate
if and only if their respective cycle types are identical.

Remark. 1t is essential to note that the symmetric group &;,, defined as permuta-
tions of the set {1,...,k} or as the above diagrams conveys the same underlying
mathematical structure. These two forms are equivalent and can be employed
interchangeably.

The group algebra of the symmetric group &y, denoted by S, is the complex
vector space spanned by the permutations of &, i.e.
Sk = Span¢ {o € &}}.
The multiplication in the group algebra Sy, is defined on the elements of the sym-
metric group &y by its group law, and is denoted o - 7, for some ¢ and 7 in &,.

Remark. The symmetric group algebra Sy, is a finite group algebra. As a conse-
quence, the symmetric group algebra Sy is always semisimple [Ser+77; FH13].

1.1.2 Partition algebra Py (0)

The partition monoid, denoted Py, is a diagrammatic monoid generated by the
3 x (k—1) diagrams

° o1 ° o1 ° o1
° ®i—1 ° i1 ° ®i—1
.Y.i ODcOi .H.i
Sl XES! ° ® i1 ° ® i1
e o0 |2 e |2
° ® i ° ® i ° ® i
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for all 1 <i < k, as well as the k disconnected diagrams

° o1
O 1|
° o
o0 il
° ® i

for all 1 <7 < k. These 4k — 3 diagrams distributed in 4 distinct collections do not
constitute a minimal generating set, as it is possible to choose a single representative
diagram from each collection and subsequently use the transpositions to generate the
remaining diagrams in the collection.

An element of P is a partition of the set {1,...,2k}, corresponding to the
connected components of the associated diagram, where then enumeration of vertices
located in the right column ranges from 1 to k, while the enumeration of vertices
situated in the left column ranges from &£+ 1 to 2k. As a monoid, P, has an identity

1p, given by the partition 1 (k+1)| --- | k(2k):
k+1 @ - o1
1p, =
2k @ ® L

Consider two partitions p and ¢ of P, the composition p o ¢ is obtained by posi-
tioning the diagram of ¢ immediately to the right of the diagram of p, associating the
leftmost column of ¢’s diagram with the rightmost column of p’s diagram, and finally
removing any loops, which are the components of the resulting diagram not con-
nected to either the left or the right column. For example, given the two partitions
p:=13]26|45and ¢q:=12|35|46 of Ps,

°
C.

v DL i
0/(‘ . Q)\Q

the composition pog=12|36|45 becomes
° o---0 o o °

poq= QD/(Q---QEO = o> Co

o Ne---e/ SNe o
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where the gray loop is removed.

Remark. Considering the generators of the partition monoid, the inclusion of
diagrams &, C P, holds for every k € N. However, it is important to note that
the partition monoid P, does not constitute a group, e.g. the partition 12|36(45
of P3 has no inverse with respect to the composition in Pj.

The order of the partition monoid P, is the number of partition of the set
{1,...,2k}, denoted as the even Bell number By,. In general, the Bell number
By is given by a recursive formula, with initial condition By := 1, and

Ny

Biy1 = ; (i)Bi.

Starting at k = 0, the first values of the Bell numbers are [OEIS, sequence A000110]:
1,1,2,5, 15,52, 203, 877, 4140, . ..

The partition algebra, denoted by IP,(0) is defined for some § € C, as the
complex vector space spanned by the diagrams of Py, i.e.

Py(6) = Spang {p € Py }.

The multiplication in Py (d), given two elements p and ¢ of Py, is denoted by p - ¢
and is defined by p-q = 6'(poq), where [ is the number of loops removed during the
composition in P;. For example, let p .= 14|28|35|67|910 and ¢ := 1235|476 9|8 10

be two partitions of Pj,
° °
. Al
p= O/kc and q= 0\
° ° ° °
OD k‘ .) L.
the composition poqg=12|35 | 48|67]910 becomes, in the partition algebra P5(d),
o---c ° °
e GO C
‘g= e \o---c 0—520
SEIETS6
o---0 ° ° .

where the number of gray loops removed is 2
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Remark. The partition algebra Py (0) is not semisimple for all 6 € C. Specifically,
it is semisimple if and only if § belongs to the set C\{0,...,2k—2} [MS94; HR05].

1.1.3 Others diagrammatic algebras

In Section 1.1.1, the focus was on the symmetric group &y, generated by by £ —1
permutation diagrams. Then, in Section 1.1.2; attention was turned to the partition
monoid Py, generated by by 4k — 3 diagrams distributed in 4 distinct collections.

The purpose of the present Section is to highlight the relationships between the 4
collections of diagrams generating the partition monoid Py, and the algebraic struc-
tures that emerge. Specifically, the choice of specific collections may yield distinct
monoids.

Remark. A monoid is a unitary semigroup. To obtain the identity diagram 1p,
of the partition monoid P, corresponding to the partition 1 (k+1)| --- | k (2k),
the collection of transpositions is required, as none of the 3 other collections is
composed of invertible elements.

Uniform block permutation algebra Uy (9)

The uniform block permutation monoid, denoted by Uy, is the submonoid
of P, generated by the 2 collections of diagrams

° o1 o0 |
° ®i—1 O 1
° ) ° W
< H
oxowl ° ®i+1
° ®i+2 @@ ;|2
° oL ° oL

forall 1 <7 < k.

The elements of the uniform block permutation monoid U, are precisely those
elements from P, that satisfy the following condition: the number of vertices located
on the left column equals the number of vertices located on the right column for each
connected component of the diagram. This condition is a consequence of the fact that
the 2 collections generating Uy, satisfy it and that it is preserved under multiplication.
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As a consequence, each connected component contains vertices situated in both the
left and right columns. For example, the partition p := 124536 is in Us,

while the partition ¢ := 12|36 |45 is not in Us,

-

The order of the uniform block permutation monoid Uy is given by a recursive
formula [SPSO01], with initial condition |Up| := 1, and

k

k\ (k+1

oeal =32 (5) (V1) o

Starting at k = 0, the first values of |Uy| are [OEIS, sequence A023998]:
1,1,3,16, 131, 1496, . ..

The uniform block permutation algebra, denoted by U () is defined for some
0 € C, as the subalgebra of the partition algebra Py (¢), spanned by the element of
the uniform block permutation monoid Uy, i.e

U (0) == Spang {p € Ui }.

The multiplication in Ug(9) does not yield any loops. Consequently, all the uniform
block permutation algebras are isomorphic, for all 4 € C.

Remark. The uniform block permutation monoid Uy, is a finite inverse monoid,
i.e. forall z € Uy there exists a unique x* € Uy satifying x o 2* o x = z and
x*oxox* =x*. As a consequence, all the uniform block permutations algebras
Uk (d) are semisimple for all 6 € C [Ore+21; Ste+16].
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Brauer algebra By (6)

The Brauer monoid, denoted by B,, is the submonoid of P generated by the
2 collections of diagrams

° ®o1 ° ®o1
() ® -1 ® -1
° C )

< DC
oxowl ®i+1
° ®i+2 @ i+2
° e i ° e i

forall 1 <i<k.

The elements of the Brauer monoid B, are precisely all the pairings on the set
{1,...,2k}. Specifically, each vertex of a diagram in By has precisely a degree of 1.
Given a diagram of By, the vertical edges are the edges that connect vertices within
the same column, whereas the horizontal edges are the edges that connect vertices
of both the left and right columns. For example, the partition p :=13|26|45 is in

B,
oD Lo
O/CO

The order of the Brauer monoid B, is given by the odd factorial,
Bi| = (2k — 1)L,
Starting at k& = 0, the first values of |Bk’ are |OEIS, sequence A001147]:
1,1,3,15, 105,945, 10395, . ..

The Brauer algebra, denoted by B, (0) is defined for some § € C, as the subal-
gebra of the partition algebra P(d), spanned by the element of the Brauer monoid
Bk, ie

Bk(5) = Span(c {p S Bk}

Remark. The Brauer algebra By (¢) is not semisimple for all § € C. Specifically it
is semisimple if and only if one of the following conditions holds [Wen88; DWH99;
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Rui05; RS06; AST17]:
— d=0and k € {1,3,5};
— 0€Z\{0} and k < |0] + 1;
— 0 & 7.

Walled Brauer algebra By ;(0)

The walled Brauer monoid, denoted by B, ;, is the submonoid of Bj; gener-
ated by the 2 collections of diagrams

° o1 ° o1
° i 1
LY ° ® i
.x. Z+1 - '(l,’(Yr”""
° ®i+>2 g ¢kl
° ° i : :~?_1
= wall=--- -9 )
o—o ii+1 oxo j+1
: ° ®j+2
° ® i+l ° ® i+l

forall 1 <v< k< j<k+1I, as well as the diagram

° o1

® i1
---Dal----

® i+l

® k+2

° ® k+l

The wall of the walled Brauer monoid By, ; denotes the vertical separation between
the uppermost 2k vertices and the lowermost 2/ vertices. The diagram elements of
By, are precisely those elements from By, that satisfy the following condition: every
vertical edge must cross the wall, while no horizontal edge shall cross the wall. The
condition arises from the fact that the £ 4 — 1 diagrams generating By ; satisfy the
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condition, in addition to preserving this property under multiplication. For example,
the partition p:=14[27[39]510| 612|811 is in By,

o\/.
N B
v NG

/

while the partition ¢ :=13|27[49|510|612|811 is in Bg but not in Bj 3,

A

>
£

'~
~
1
1
1
1

L)
I
1
o .
|
—

Remark. Given the generators of the walled Brauer monoid By, the inclusion
of diagrams & x &; C By, holds for every k,! € N. The diagrams of & x &,
consists of those from Bj; with no edges crossing the wall.

The operation denoted as partial transposition corresponds to the process that
exchanges vertex ¢ and vertex k -+ [ + i, both situated on the same row. However, it
should be noted that the diagram obtained after performing such an operation may
not necessarily belong to Bj; anymore. For example, the transposition of the 1-st
row of the partition 14[27[39]510|612|811 in B33 becomes,
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which correspond to the partition 1239 [47[510|612|811 in Bg but not in Bj 3.

The partial transposition involving the [ lowest vertices constitutes a one-to-one
mapping from the walled Brauer monoid By ; to the symmetric group Sy4;. As a
consequence,

Bry| = (k+ D).

The walled Brauer algebra, denoted by B, ;(0) is defined for some § € C, as
the subalgebra of the Brauer algebra By;(J), spanned by the element of the walled
Brauer monoid By, i.e

Bk75(5) = Span(c {p S Bk,l}'

Remark. The walled Brauer algebra By ;(d) is not semisimple for all 6 € C.
Specifically it is semisimple if and only if one of the following conditions hold
[Cox+08; Bul20]:

— k=0o0rl=0;

— d=0and (k1) € {(1,2),(2,1),(1,3),(3,1) };

— 0€Z\{0}and k+1 < 5|+ 1;

— 0 ¢ Z.

1.2 Tensor representation

The diagrammatic algebras described in Section 1.1 act on the d"-dimensional
tensor product complex vector space (Cd) o by considering the mapping ¢, called
tensor representation, from the diagrammatic monoids on 2n vertices to Mgn,
and defined for each diagram p by,

iyin 1 if 4, = 1, for all vertices k and [ connected in p
(w(p)) 2n -

s 0 otherwise,

and linearly extended to the entire diagrammatic algebra. For example, let the
partition p := 13|26 |45 in the Brauer algebra Bs(d),

2L
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with some vector x1, x5, 23 € C% and 31, 92, y3 € C%, then

U1 ‘D ® I
<y1®y2®y3|¢(p) |$1®$2®3’33> = Y @ (0 T2

Y3 0/\0 T3

21

= <$17$3> : <$27y3> : <y1,y2>.

parameter 6 € C, the tensor representation acting on the tensor product complex

| Remark. In the case where the diagrammatic algebras depends on a complex

vector space ((Cd) ®n, requires that 6 = d.

The tensor representations on C2® C?, of all the 3 diagrams spanning the Brauer

algebra By (2) are

1 001 1
g e\ |0 00O . ® |0
d’(.)(.)‘ 000 0| 77Z’(.x.)_ 0
1001 0
and the identity tensor

1 000

p(e—®)_ [0 100

0001

o= O O

o O = O
_— o O O

For the symmetric group &,,, spanning the symmetric group algebra S,, this
action corresponds to the permutation of the tensor positions, i.e. for all o € &,
and all vq,...,v, in C¢, the tensor representation of o on (Cd)®n gives the action

’Lb(O’) . (Ul ® v ® Un) = Ug-l(l) ® s ® Ug-l(n).

The partial transposition operation on a row, for a given diagram p, corresponds
to the partial transposition of a tensor, for the matrix ¥ (p). For example, let the
partition 12|34 in the Brauer algebra By(2), then taking the partial transposition

on the 1-st row gives:

(DC) (1<)

o oo

O = O O

O O = O

_ o O O
|

_— o O =

o O O O

o O OO

_— o O =
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The operation referred to as closing a diagram consists in connecting each vertex
of the diagram, to the vertex located in the same row, yielding a collection of loops.
The trace of the tensor representation on (Cd) ®n, for a diagram p, can be obtained
by Tr [w(p)} = d', where [ is the number of loops after closing the diagram p. For
example, let the partition p := 1245 |36 in the uniform block permutation algebra

Us(d),
QHQ
pP=e [ J

the closing of p is

with 2 loops, then the trace of ¥)(p) becomes Tr [@/J(p)} = d°.

The tensor representation of a diagrammatic algebra is in general non-faithfull.
For example, let S3 be the symmetric group algebra with the its tensor representation
on C? @ C? ® C? given by the map 1, and define sign(o) to be a signature of the
permutation o € G3, then

Remark. In certain cases, diagrammatic algebras may not exhibit semisimplicity.
However, the algebra A defined by the complex span of ¥ (p), for all p in some
diagrammatic monoid, always exhibits semisimplicity, as a matrix algebra:

A M@ - @ MG™,

with some multiplicities n; and dimensions d;. In this basis, an element A € A
is written,
A, @A @ &1, @ A
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1.3 Schur-Weyl dualities

1.3.1 Commutant

Given a matrix algebra A C M,, the commutant of A, denoted A’, is the set
of matrices that commute with all elements of A:

A ={MeMs|MA=AM, forall Ac A}.

Theorem 1.1 ([Ser+77; FH13|). Let A be a matriz algebra, and B the commu-
tant of A. Suppose A decomposes as A ~ Mfim oD M?k”k. Then for all
Ae Aand B € B,

k
A~ @ A,
=1

k
B~EPBi®I,.

i=1
Furthermore both A and B are commutants of each other, i.e. B = A’ and

A=D.

1.3.2 Schur-Weyl duality for G,

Let GL,; be the complex general linear group of degree d, which consists of
the d x d invertible complex matrices acting on C?. This action extends diagonally
to an action on the d"-dimensional tensor product complex vector space ((Cd)®n,

defined for M € GL; on tensor v; ® - - - Q@ v,, € ((Cd)®n by,
M®”.(U1®...®Un):M.U1®...®M.vm

and extended linearly.

Let A and B be the matrix algebras generated, respectively, by the actions of
the symmetric group &,, and the complex general linear group GLg4, on the d"-
dimensional tensor product complex vector space ((Cd)®n, ie.

A = Span¢ {¢(0) |0 € &, }
B = Spang { M®" ‘ M € GL4} .

Theorem (|[GWO09]). Both A and B are commutants of each other.
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The matrix algebra A, generated by the tensor representation of the symmetric
group G,,, can be decomposed as the direct sum,

Dny

A= @ de ’
AFn
N <d

indexed by the Young diagrams \ with n boxes and at most d rows. ' Then acording
to Theorem 1.1, for all A € A and B € B,

A~@PrL,®A  and B~PBeI,

AFn AFn
N <d N <d

where the A, act on a space denoted V), and the By act on a space denoted 1.

Theorem 1.2 (Schur-Weyl duality [Sch27; Wey46]). The space of n-fold tensors
over C? decomposes under the action of the direct product group GLg x &,, as

follows:
(Cd)®n ~ @ V>\d ® Vi.
AFn
N <d
The diagonal action of GLg4, on the d"-dimensional tensor product complex vector
space (Cd)m, can be restricted to the subgroup of the unitary group of degree d,
denoted U, which consists of the d x d unitary matrices acting on C¢.

Theorem 1.3. Let C be the matriz algebra generated by the action of the unitary
group Uy, on the d"-dimensional tensor product complex vector space (Cd) ®n, i.€.
C == Spang {U®" |U € Uy}. Then

B~C.

Proof. The present proof is from an unpublished note by Guillaume Aubrun
[Aub18]. Due to the inclusion Uy C GL,, it follows that C C B. To establish the
result, it suffices to prove that for M € GLg4, the n-fold M®™ can be expressed
as a limit of linear combinations of n-fold U®", for some U € Uy.

Without loss of generality, assume that M can be multiplied by a real scalar

1. see Appendix A
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to obtain a singular value decomposition given by,

d
M= silesXfil
i=1

where ey, ...,eqand fi, ..., fi are two orthonormal bases of C%, and s; are non-
negative real numbers satisfing —1 < s; < 1. Notice that the matrix obtained
by replacing each s; with a complex number z; satisfying |z;| = 1 is unitary.
Then

d @n

Mo = (o wledkfl)

=1

d n
= Y Tloslewsoe)he okl

i1, in=1 j=1

Let v be a counterclockwise unit circle in the complex plane. It is well-
known from Cauchy’s formula, that for all s € R such that —1 < s < 1, and

for all £ € N,
fo L [z
2w y 2=

Then, using Fubini’s theorem, for all s € R? such that —1 < s; < 1, and for all
iy eyin € {1,...d},

- 1 / - le dZd
Sij - Nd Zij oo o .
j=1 (27TZ) yxd =il 21— $1 Zd — Sd
Finally,
M®n
d n
= Y [Isslew®--eXfu® 0k
11 4eeeyin=1 ]:1
- 1 - dz dz
= ; 1 DY d . .« .. . . .« .. .
= 2—1 (274 ) /de leIZZj 7 P ‘ell K- ® e,n><f“ R R on}
1] 5eeesln = j=
1 dz dzy
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Corollary. The space of n-fold tensors over C? decomposes under the action of
the direct product group Uy x &,, as follows:

(Cd)@m ~ @ V>\d ® Vi.
AFn
X <d

1.3.3 Other Schur-Weyl dualities

Schur-Weyl duality for P,

The symmetric group &4 acts on the d-dimensional complex vector space C?
by considering the mapping ¢, called permutation matrix, from &4 to M, and
defined for each permutation o by,

1 ifi=o(j)
(o(p)), . = .
J 0 otherwise,
To be explicit, given a basis e1,...,eq of C? and vector v = Z?Zl v; ‘ei> in C¢, a
permutation o € &, acts on v by
d

B(0) v =" v lei).

i=1

This action extends diagonally to an action on the d"-dimensional tensor product
complex vector space (Cd) ®n, defined for 0 € &, on tensor v ® --- R v, € ((Cd) o
by,

$o)" - (@ @vn) =p(0) 1 @+ @ p(0) - vy,

and extended linearly.

Let A and B be the matrix algebras generated, respectively, by the actions of
the partition monoid P,, and the symmetric group G4, on the d"-dimensional tensor
product complex vector space ((Cd)®n, ie.

A = Spang {@/}(p) ! pE Pn}
B := Span¢ {¢(0)®" |0 € &4} .
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Theorem ([MR98; Mar00; HRO5]). Both A and B are commutants of each other.

Schur-Weyl duality for U,

Let diag. U, be the subgroup of U, consisting of d x d diagonal unitary ma-
trices acting on C?. That is for all U in diag. Uy, there is 6 € [0,27)¢ such that,

U= diag(ewl, e ,ewd).

As subgroups of Uy, the action of diag. U, extends diagonally on the d"-dimensional
tensor product complex vector space ((Cd) o,

The product of a diagonal unitary matrix U = diag(e™,...,¢") in diag. Uy,
and a permutation matrix ¢(o) for some o € &, is a monomial matrix in [0, 27),
i.e. a permutation matrix whose nonzero components are e with 6 € [0, 27):

0; ifi=o(j)

(U . ¢(J))i,j = {O

otherwise,

Let A and B be the matrix algebras generated, respectively, by the actions of the
uniform block permutation monoid U,, and the monomial matrices in [0, 27), on the

d"-dimensional tensor product complex vector space ((Cd)®n, ie.

A = Spanc {¢(p) | p € Un}
B := Spang {U®" - ¢(0)®" | U € diag. Uy and 0 € S,} .

Theorem 1.4 ([Tan97]). Both A and B are commutants of each other.

Schur-Weyl duality for B,

Let O, denote the ortogonal group of degree d, which consists of the d x d
orthogonal matrices acting on C?. As subgroups of Uy, the action of Oy extends
diagonally on the d"-dimensional tensor product complex vector space (Cd)®n.

Let A and B be the matrix algebras generated, respectively, by the actions of
the Brauer monoid B,, and the orthogonal group O,4, on the d"-dimensional tensor
product complex vector space (Cd)(Xm, ie.

A = Spanc {¢(p) | p € B, }
B := Spang {O®" | O € O4} .

Theorem (|Bra37|). Both A and B are commutants of each other.
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Schur-Weyl duality for B,,,

Let the action of the complex general linear group GLg; on the d"-dimensional
mixed tensor product complex vector space (Cd)®n ® ((Cd)®m, defined for M € GL4

by,
Xn

M@m ® ((Mfl)T>
As a subgroup of GLg, this action is defined for U € Uy by,
U™ g U®".

Let A, B and C be the matrix algebras generated, respectively, by the actions
of the walled Brauer monoid B,,,, the complex general linear group GL,; and the
unitary group Uy, on the d"-dimensional mixed tensor product complex vector space

(Cd)®n, ie.
A = Spanc {¢(p) | p € B.}
B—g e ( T\
— Spang. o (M) ) M € GL,
C = Spang {U*" @ U*" | UeUi}.

Theorem ([Ben+94]). Both A and B (or C) are commutants of each other.

Remark. Tt is important to note that the various Schur-Weyl dualities presented
in Section 1.3 are given only in terms of the matrix algebras generated by the
map 1, rather than the diagrammatic algebras. The map 1 may not always
exhibit faithfulness.
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This chapter provides a comprehensive overview of the mathematical foundations
of quantum mechanics in the context of quantum information theory, focusing on the
postulates of quantum mechanics and their inherent probabilistic nature.

In quantum information theory, the attention is mainly directed to quantum
systems with a finite number of degrees of freedom.

First, the formalism of pure quantum states is introduced, which is particularly
suitable for closed quantum systems. Then then formalism of mixed quantum states
is then introduced, in particular to describe open quantum systems that interact
with an environment that is not intended to be described.

References for the different postulates and the mathematical foundations of quan-
tum mechanics can be found in the textbooks [Wat18; NC02; AS17].

2.1 Postulates of quantum mechanics

Let # := C? be a finite d-dimensional Hilbert complex vector space. The convex
set of unit trace, positive semi-definite d x d matrices, acting on H is denoted,

D(,::{pEMd|Trp:1andp20}.

An element of Dy is called a density matrix, to highlight the fact that its eigenvalues
represent a probability distribution. The extremal points of Dy are the unit rank
projections WXM, for some ¢ € ‘H with ||¢]| = 1.

Definition. A quantum system is represented by a finite d-dimensional Hilbert
complex vector space H.

Let H := C? be a finite d-dimensional Hilbert complex vector space, the compu-
tational basis of the quantum system H is denoted:

0),...,|d=1).

Definition. A composite quantum system is represented by a tensor product
of Hilbert complex vector spaces Hi ® - ® H,,.

The computational basis of the n-fold composite quantum system H®", with the
finite d-dimensional Hilbert complex vector space H = C, is the set:

{li)® & |in) |i1,...,in €{0,....,d—1}}.

2.1.1 Pure states
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I Definition. A pure quantum state on H is an extremal point of D,.

A pure quantum state on H := C? is a unit rank projection ‘¢><¢|, for some
vector |2/1> =a- |0> +04- ‘1> with «, 8 satisfying,

o +|B]* = 1.

Remark. In the following the description of a pure quantum state as a unit rank
projection ‘¢><1/1| or as a unit norm vector ‘¢> is used interchangeably. Note
that ‘@Z)XM is simply the orthogonal projection onto the complex line spanned

by |w>

Definition. The evolution of a pure quantum state p on H is governed by a
unitary matrix U on H, through the conjugation mapping

p+— UpU~.

The evolution of pure quantum states is a transitive action: for all pure quantum
states p and o there exists a unitary matrix U such that p = UoU".

As a unit norm vector }@/1>, the evolution a pure quantum state, through a unitary
matrix U, is given by ‘@/J> — U |1/)>

Definition. The projective measure of a pure quantum state p on H is de-
scribed by a set of orthogonal projections {Pi, ..., P,} on H, which sum to the
identity. The outcome of the measure is i € {1,...,n} with probability,

Tr [PipP}],
and the resulting pure quantum state after the measure becomes,
PipP;
Tr [P,;pPi*} ‘

Let W> = - ‘O> + - ‘1> be a quantum pure state on H = C2 A projective
measure in the computational basis ‘O> , ‘1> is described by the two orthogonal pro-
jections |0><()‘ and |1><1 , and yields outcome 0 with probability |a|* and outcome 1
with probability |3]2.

Remark. In the context of a projective measure, due to the orthogonality prop-
erty of the projections {P, ..., P,}, and the cyclic property of the trace, the
probability of the outcome i given a pure quantum state p = |¢><¢‘ is just
Tr [Pip} = <¢‘ P, W>> and the resulting pure quantum state after the measure
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becomes,
PipP;

([P |e)
Let p == pa ® pp be a pure quantum state on H4 ® Hp, a composite quantum

system. The projective measure of p described by the set of orthogonal projections
{Py,...,P,} on Ha® Hp, yields outcome i € {1,...,n} with probability

Tt [Pp] = Tea | PiTep [Ia @ pi] pal

M;

=Tr [szAL

for some positive semidefinite M; on H, ® Hp, which sum to the identity. Such a
measure on part of a composite system is called a generalized measure.

2.1.2 Mixed states

Let p = WXQ/}‘ be a pure quantum state on H4 ® Hp, a composite quantum
system with H 4 := C? and H 5 an unknown quantum system. The projective measure
of p described by the set of orthogonal projections {P;, ..., P,} on H 4 only, yields
outcome 7 € {1,...,n} with probability

(W] (P& Ip) [0) = Tra [P Trg [] |
——
=Tr [P,U],
for some o € D,, which is in general not a pure quantum state.
| Definition. A mixed quantum state on H is an element of D,.

Since the set of mixed quantum state Dy is a convex set, and since the extremal
point are the pure quantum states, a mixed quantum state is a convex combination
of pure quantum states, of the form,

I

k
Z Di ’¢z’><¢i
i=1

with some positive real numbers p; satisfying Zle p; = 1, and WZX@DZ‘ some unit
rank projections. From the spectral Theorem, a mixed quantum state on D, is a
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convex sum of at most d terms. The most central element of D, is the mixed quantum
state | == %i called maximally mixed.

As a fundamental consequence, maximazing a convex function or minimizing a
concave function over the set D, of mixed quantum states will lead to extremal values
of the function on a pure quantum state.

In the case H = C?, the mixed quantum states Dy can be written in a spherical
representation, called Bloch sphere,

1
Dy = {5(12 + 1y Op Ty Oy F T 0,) |17 i= (T, Ty, ) € R? and 7] < 1},

where 0,,0, and 0. are the Pauli matrices defined by

(01 (0 —i (1 0
92 =\1 0 %=\ o0 %= \o -1/

The pure quantum states of Dy are the elements satisfying ||r|| = 1.

2.2 Quantum entanglement

The quantum entanglement is a fundamental concept in quantum information
theory that refers to the non-classical correlations that exist between two or more
quantum systems.

2.2.1 Schmidt decomposition

Recall the singular value decomposition (SVD) for a matrix M € M, acting
on C? there exists two orthonormal bases e1,...,eqs and fi,..., fy for the vector
space C?, and d non-negative real numbers s, ..., 54, such that,

d
M= silesX £l
i=1

Using the isomorphism Hom(V, W) ~ V ® W between two finite dimensional
complex vector spaces V' and W, the singular value decomposition becomes the
Schmidt decomposition of vector on a bipartite tensor product V @ W.

Theorem (Schmidt decomposition [Sch07; Eve57]|). Let 1 be a vector in a bi-
partite tensor product of d-dimensional Hilbert complex vector spaces Hq ® Hs.
Then there exists two orthonormal bases ey, ... ,eq and fi, ..., fq for Hi and Hs,
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respectively, and d non-negative real numbers sy, ...,sq called Schmadt coeffi-
cients, such that,

d
¢:Zsi'€i®fi-

i=1
The number of nonzero Schmidt coefficients is called the Schmadt number.

Apart from the bipartite scenario, direct multipartite extension of the Schmidt
decomposition does not exist in general [Per95].

2.2.2 Pure quantum state entanglement

A bipartite pure quantum state ‘¢> on Ha ® Hp is said to be entangled if its
Schmidt number is strictly greater than 1, otherwise it is said to be separable and
can be written,

’¢> - W>A ® W>B

for some ‘¢>A € H, and |¢>B € Hp.

The Schmidt number of a bipartite pure quantum state gives a canonical quan-
titative measure of entanglement.

A bipartite pure quantum state w = |£2><Q|, on the 2-fold composite quantum
system H ® H, with H ~ C9, is called maximally entangled if it has, on the
computational basis, the form

‘Q>:%§}ii>.

The partial transpose of an unormalized maximally entangled pure quantum state
d - w is the flip operator,

|M:‘

d-w = |Zj><Z]|

on the computational basis. On product vector x ® y, the flip operator acts through
d-w'(r ®y) =y ®z. However, since y @ x — z ® y is a eigenvector for the negative
eigenvalue —1, the flip operator w' is not a quantum state. The normalized flip
operator on Dy is denoted I = <.

Theorem (PPT criterion [Per96; HHHOL]). If p is a separable bipartite pure
quantum state on Ha ® Hp, then the partially transposed p' is a quantum state.
The converse is true if and only if dimH4 x Hp < 6.
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In general, in the multipartite scenario H; ® - - - ® Hj, a pure quantum state |w>
is separable if it can be written as a product vector

[0) =) ® - ® |v),

and entangled otherwise.

Remark. As a unit rank projection |w><w , a separable pure quantum state on a
multipartite H; ® - - - ® Hy can be written

|¢><7/1‘ = ‘¢1><¢1| Q- ® \kawk! .

2.2.3 Mixed quantum state entanglement

A mixed quantum state is said to be separable if it can be written as a convex
combination of separable pure quantum states. Therefore the convex set of separable
quantum states on H; ® - -- ® Hy, is

Conv { [t Xtb1| @ -+ @ |ty Xtbw| - ¥ € My for all i € {1,... k}},

with extremal points the separable pure quantum states.
An isotropic state is a convex combination of a maximally entangled and max-
imally mixed quantum states:

p=XAw+ (1 =N,

with 0 < A <1and w,I € Dp. If d2__—11 < A <0, then p is still in Dy, and thus still
a mixed quantum state.

A Werner state is an affine combination of a normalized flip operator and
maximally mixed quantum states:

o=X-F+ (1N,

with ﬁ <A< ﬁ and F,1 € Dg.
Any isotropic state p and Werner state o satisfy the following commutation rela-
tions:

[p, U U] =0 and o, U U] =0,
for all unitary matrices U.
Theorem ([HH99]). Let p := X-w+ (1 — A1 be an isotropic state on Dg2. Then

p 1s separable if and only if A < ﬁ.
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Theorem (|Wer89]). Let 0 .= A-F + (1 — A)I be a Werner state, on Dg2. Then

o 1s separable if and only if A > lfdQ.

In general, deciding whether a given quantum state is separable is known to be
NP-hard [Gur03].

2.2.4 Monogamy of entanglement

A bipartite quantum state p on H 4 ® Hp is said to be k-extendible, with respect
to Hp if there exists a quantum state o on H, @ HE" such that for all i € {1,... k}:

p=Tim, sz (0]

Theorem (Entanglement hierarchy [DPS04|). A bipartite quantum state p on
Ha® Hp is separable if and only if it is k-extendible for all k € N.

Let pa,p,c be a tripartite quantum state on Hy @ Hp®@He with Ha ~ Hp ~ He,
and such that the reduced quantum state on H4 ® Hp,

pap = Trelpancl,

is maximally entangled, i.e. psp = w. From the spectral Theorem, the quantum
state pa p,c is a convex combination,

k
PAB.C = Zpi b X
i=1

for some orthonormal pure quantum states ‘¢z> on Ha®@HpRHc. Then the reduced
quantum state py g becomes

PAB = ipi -Tre [WZXM ]
=1

But since p4 p is a pure quantum state, i.e. pap = |Q><Q| is an extremal point of the

convex set of density matrices, every Tre [ WZXQM ] in the sum must necessarily be

equal to p4 p. This implies that pa g = pa s ® pc, for some reduced quantum state
pc on He. Thus none of the reduced quantum states pa ¢ and pp ¢ can be maximally
entangled. This phenomenon is known as monogamy of entanglement.
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2.3 Quantum channels

Let & : My — My be amap such that @(Dd) C Dy, i.e. mapping d-dimensional
quantum states to d’-dimensional quantum states. Under linearity assumption this
is equivalent to:

— @ positive: X >0 = ¢(X) > 0.

— & trace preserving: Tr X = Tr &(X).

The transpose of a matrix is a linear map that satisfies both positivity and trace
preserving properties. But when partially applied to a composite quantum system,
this can lead to non-quantum states, e.g. the partial transpose of a maximally
entangled pure quantum state is the flip operator F = w'.

A linear map ® : M; — My is called completely positive if all the partial
applications of ® on any positive semidefinite matrix results in another positive
semidefinite matrix, i.e. VD e NM;@Mp 353X >0 = (P®idp)(X) > 0.

Definition. The most general transformations of quantum states, called quan-
tum channels, are the Completely Positive Trace Preserving (CPTP) linear
maps.

2.3.1 Structure of quantum channels

The Choi matrix of a linear map & : My — My is the matrix Cy in Mgyq,
defined by,

Cyp = (id; @) (é i X 5] )

= (idy ®®)(d - w).

It is possible to retrieve the original linear map ® from its associated Choi matrix
Cg using the formula,

O(X) = Try [Co(XT @ Iy)].

Theorem 2.1 ([Watl18]). Let ® : My — My be a linear map. The following
are equivalent:

— the map P is CPTP;

— the Choi matriz Cg is positive semidefinite and Try [Cq;] =14
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— there exist Ay, ..., A € Maxa such that,
k k
BX) =D AXA and S AA =1y
=1 i=1

— there exist D € N and an isometry V : C* — C¥ @ CP such that,

®(X) =Trp [VXV*].

2.3.2 Compatibility of quantum channels

Let @ : My — ME" be a quantum channel from 1 to n quantum states, the i-th
marginal of ®, denoted ®; is defined by,

®i(X) = Trpp iy [2(X)]-

A marginal of a quantum channel is also a quantum channel.

Let ®; : My — My, be a family of £ quantum channels. The quantum chan-
nel compatibility problem consists in determining whether there exists a global
quantum channel ¥ : M; = My ® --- ® My, compatible with all the ®;, that is,

\I}i - ®i7

for all marginals W;.

I Remark. Quantum channels can be incompatible with themselves.

2.4 Quantum fidelity

The quantum fidelity is a measure of the closeness between two quantum states
p and o, defined as the function /" on Dy x Dy by,

Fipo) = | \/Ep\/Er.

Proposition 2.2 ([Wat18|]). The quantum fidelity F' between two quantum states
has the following properties:

— F(p,0) = F(o,p);

— F(p,0) €0,1];

— F(p,0)=1<=p=o;
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— Fpu)e]) = (wlofe) = [ploxel]:
— F(UpU*, UUU*) = F(p,0), for all unitary matrices U;
— F(®(p),®(0)) = F(p,0), for all quantum channels ®;
— F is jointly concave, i.e. for all X € [0,1],

FX-pi+(L=X)p2, X014 (1= N)o2) > X-F(pr1,01) + (1= X) - F(p2, 02).

2.5 Graphical calculus

The present Section introduces a graphical calculus for tensors, which is built
upon the graphical notation developed by Penrose [Pen71]. Recently, analogous cal-
culi have been formulated within the tensor network states framework and the frame-
work of categorical quantum information theory, which are elaborated in [WBC15;
BC17; CK17|. The graphical calculus introduced here is consistent with the tensor
representation of a diagram algebra, introduced in Section 1.2.

In this graphical notation, tensors are represented by boxes and wires,

T

More specifically, the wires are labeled by indices, such that a box represents the
value of the tensor at the given indices,

T = T

In particular, a vector is a box with only 1 wire pointing to the left, and labeled by
the index of the coordinate. A dual vector has its wire pointing to the right,

1 —— * L

Note that these left and right directions are just a convention corresponding to the
usual right-to-left composition in linear algebra.
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The tensor diagrams can be combined in two ways. The tensor product com-
bines two diagrams vertically

A

A®B =

B

or horizontally, with the isomorphism Hom(V, W) ~ V* ® W between two finite
dimensional complex vector spaces V' and W,

The operation of joining together two diagrams by one of their wire labeled with
the same index corresponds to multiplying the values of the two tensors at the given
indices,

Ui~ = U - ()

The tensor contraction combines two diagrams using the previous operation by
taking the sum over all common indices

i
A B

In particular, this leads to the scalar product,

<u,v> =| U v

the matrix product,
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TrT:: T:

Scalars multiply diagrams and are depicted next to them. The following three special
tensors of C?, important in quantum information theory, have wire-only diagrams,

= — =4 ) -0

Finally, the matrix transpose can be graphically depicted by swapping the input
and the output wires of a box depicting a matrix. The partial transpose permutes

just the wires of the corresponding spaces,

_Tr_: T

and the matrix trace,
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The present Section discusses the results of the papers “A geometrical
description of the universal 1 — 2 asymmetric quantum cloning region”
[NPR21], and “The asymmetric quantum cloning region” [NPR22|, of
which I am a co-author.

The problem of quantum cloning has received considerable attention over the last
thirty years. This area of research began with the early investigations of universal
quantum cloners [BH96] and has since expanded to include various cloning scenar-
ios: symmetric [Wer98; KW99|, asymmetric [Cer98; FFCO05], qubits [GM9I7], qudits
[Cer00], universal [Bru+98; TAGO06; Ibl+05|, equatorial [Bru+00; DMO03; DD04b],
economical [DD04a; DFCO05], probabilistic [DGI8; DGIY|, continuous quantum sys-
tems [Cer-+04; Cer—+05].

Of particular interest are two sets of papers dealing with the most general case
of asymmetric universal 1 — N quantum cloning problem. The first set of papers,
by Kay and collaborators, deals with the optimisation of this problem [KRKI12;
Kayl4; Kay16]. The second set of papers, by Cwiklinski, Horodecki, Mozrzymas,
and Studzinski, uses techniques from group representation theory [CHS12; SHM13;
MHS14; Stu+14; MSH18|.

In particular, Hashagen’s article on the asymmetric 1 — 2 quantum cloning
problem [Has17], should be read in conjunction with the Section 3.3. Indeed, the
quantum cloning problem is studied there using similar techniques: twirling of the
quantum channel, Choi matrix as an element the algebra of operator permutations,
decomposition this algebra into matrix algebras of size 2 x 2 and 1 x 1. The main
contribution of [NPR21] is the complete spectral analysis of the Choi matrix, which
allows a block diagonalization of the matrix and a characterisation of the figures of
merit as ellipses.

3.1 Quantum cloning problem

The problem known as the quantum cloning problem aims to identify a spe-
cific quantum channel, called the quantum cloning channel, denoted by ® : M,; —
(/\/ld) ®N, which maps an wnput pure quantum state to an output mixed quantum
state on a N-fold composite quantum system, such that the output marginals of ®
are as close as possible to the input. To achieve this, a direction vector denoted «
satisfying a € [0, 1] and Zf\il a; = 1, together with a subset I" of the pure quantum
states, are introduced. The quantum cloning problem is defined as the optimisation
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problem given by,

sup iai- E [F(q)i(P)aP)],

® cprP T pel’
where the expected value is taken with respect to the uniform measure on I'.

Remark. The quantum cloning problem belongs to a more general class of quan-
tum marginal problems, which includes the quantum state marginal problem
|[Haa+21], the quantum channel marginal problem [HLA22]|, and the quantum
measurement marginal problem [LN21].

The no-cloning theorem states that a perfect quantum cloning channel, i.e. a
quantum channel with marginals the identity quantum channels, cannot exist in gen-
eral. Indeed, a linearity argument shows that, if |0> e |d — 1> is the computational
basis of C?, and U € Up is a unitary matrix such that on this basis,

Uli)e o) =iy @ i),

Then U is a perfect quantum cloning unitary for this basis, given an auxiliary pure

quantum state |U> But if ’¢> = ‘Z>;§’]> for distinct 4,5 € {0,...,d — 1}, then,

_lhel)+1i)el)
V2
#l0)yelv).

Many quantum cryptographic schemes rely on the existence of the no-cloning
theorem [BB84; BL20).

Theorem 3.1 (No-cloning theorem [WZ82; Die82|). For any subset I' of the

pure quantum states, there is no quantum cloning channel ¥ : My — (Md)®N
such that for all pure quantum states p € I' and all marginals V;,

Wi(p) = p,

unless ' is a set of mutually orthogonal pure quantum states.

Ul) @ o)

Remark. A perfect quantum cloning channel ¥ : My — (Md)®N has marginals
®; of the form ®; = idy the identity quantum channels, and Choi matrices
(U, = d-w an unormalized maximally entangled quantum state. The no-cloning
Theorem 3.1 is a reformulation of the monogamy of the entanglement, and the



3.1. QUANTUM CLONING PROBLEM 47

fact that there is no quantum channel compatible with the identity quantum
channels.

A generalisation of the quantum cloning problem can be considered given a quan-
tum cloning channel @ : (./\/ld)®M — (Md)®N, which maps an input pure quantum
state as an identical product state on a M-fold composite quantum system, to an
output mixed quantum state on a N-fold composite quantum system,

sup ia E {F(@i(pw),p)]

® ceprp pel’
=1

Even with M identical copies as input, the no-cloning theorem hold.

Theorem 3.2 (M — N no-cloning theorem [Wer98|). For any subset I' of the
pure quantum states, there is mo quantum cloning channel ® : (/\/ld)®M —
(Md)®N, with M < N, such that for all pure quantum states p € T and all

marginals V;,
@ (p™M) = p,

unless T' is a set of mutually orthogonal pure quantum states.

It is important to note that the quantum cloning problem, the 1 — N no-cloning
Theorem 3.1 and M — N no-cloning Theorem 3.2 are states on pure states only.
When mixed states are considered, the problem becomes the quantum broadcast-
ing problem, and the equivalent no-broadcasting theorems do not hold in the same
generality. In particular for mixed enough states, it is possible to broadcast.

Theorem (Superbroacasting [DMPO05]). For0 < M < N large enough, there ex-

1sts a quantum channel P : (M2)®M — (M2)®N such that for all 2-dimensional
mized states p € Dy, where p = (I 4+ 14 - 04 + 1y - 0y + 7 - 0.) and with ||r||
small enough, the mized state,

0 = (DZ (P®M) )

commutes with p, for all marginals ®;. ILe. they are collinear in the spherical
representation:

1
Dy = {5(_72 + Ty Oty oy 1 0) | T = (1,1, ms) €RE and |7 < 1}.

Moreover, if 0 = 5(Iy + 1), - 0g + 1, - 0y + 17, - 02), then ||r'|| > ||r|.
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From Proposition 2.2 and the joint concavity quantum fidelity, given two quantum

cloning channels ® and ¥ from My to (Md) ®N, then for all subset I' of the pure
quantum states and for all 1 <7 < N,

F((@ n ;1;)1.(/)) | p) Eper [F(CI%(p), p)] + Eper [F(\If@-(p), p)} |

2

E

pel

>

Hence, in order to address the quantum cloning optimization problem, the approach
would be to identify the largest uniform sum of quantum cloning channels.

Let " be a subset of the pure quantum states, and GG be a compact subgroup of
the unitary group Uy acting on C¢, such that for all p € I and for all M € G,

MpM* €T.

The twirling of a quantum channel ® : M,; — (Md)®N, with respect to I and G,
denoted @, is defined for all p € T" by

B(p) = /G (A7) (@(MpM*) ) MY d,

where the integral is taken with respect to the normalized Haar measure on the group
G. Then forall 1 <7 < N,

E [F(9i(p).0)] = E |F(®:(0).)).

pel’ pel

The approach would be to consider the largest group G. In particular the partially
transposed Choi matrix C’g is in the commutant of G.

Proposition 3.3. Let I' be a subset of the pure quantum states, let G be a
compact subgroup of Uy, and ® : My — (./\/ld) Ny quantum cloning channel. If

® is the twirling of ® with respect to I' and G, then for all M € G,

[C’g),M@NH)] —0.

Proof. Since G is a subgroup of Uy, for any M in G, the following two equalities
hold,

(M ® M) |Q) =|Q) and (Q (M7 e M*) =(9].
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Then for any M € G,
B r
L = ((idd®<1>) (d-]X9| )>
.
= ((idd @®) (d(i1 @ M) |2XQ| (MT® M*))) .
From the definition of the twirling 5, then for all M € GG and for all p € T’

O (MpM*) = M®N (&(p)) (M*)*".

Then the following commutation relation on the partially transposed Choi ma-
trix C’g holds for any M € G,

o _ ((M®M®N) <<idd®&3) (d-]QXQ] )) (MT® (M*)®N>>F
_ (M®M®N)((idd®(i;) (d- ‘QXQ‘ )>F<M* ® (M*)@N)

= (M@ M)CE (M @ (b)),

That is [C&z,MQ@(NH)} = 0.

Corollary 3.4. Let I' be a subset of the pure quantum states, let G be a compact
subgroup of Uy, and ® : My — (./\/ld)®N a quantum cloning channel. If ® is the
twirling of ® with respect to ' and G, then for all M € G and alli € {1,...,N},

[C5. M®?] = 0.

Remark. The importance of twirling a quantum channel is twofold: first, it al-
lows to improve the performance of the quantum channel with respect to the
optimization problem, and second, it allows to simplify the optimization prob-
lem through the induced symmetries. The study of optimization problems under
symmetries has been the subject of substantial work [FST22; GO22|.
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3.1.1 Universal quantum cloning problem

When the subset I" of the pure quantum states is the full set of pure quantum
states, it can choosen the subgroup G of U, to be the full unitary group. The quan-
tum cloning problem becomes the universal quantum cloning problem Then
from Proposition 3.3, the partially transposed Choi matrix C(% of a twirled quantum

N+1)

cloning channel ® commutes with all the unitary matrices U®( , 1.e. it is in the

commutant of the algebra
Spane {U™NH) | U € Uy}

From Theorem 1.3.2 and Theorem 1.3, the partially transposed Choi matrix CEIE
is in the algebra

Spanc {¢(0) ’ o€ GNi}.

That is, it exists a family of complex numbers ¢, indexed by the permutations of
G o1 such that
Cs = Z Co - ¢(‘7>r~
0€EGN+1

Therefore, the Choi matrix Cj is a sum of partially transposed tensor represen-
tation of the symmetric group Gy,1. Hence, a sum of partially transposed tensor
representation of the symmetric group Gy is a Choi matrix of a quantum channel
if both the positivity and the trace conditions of Theorem 2.1 hold. These condi-
tions depend on the (N + 1)! coefficients, and in particular it does not depend on
the dimension of the quantum system. Recall from the Stirling’s formula that the
asymptotic growth of the factorial function is,

nl ~ 27m(2>.
e

From Proposition 3.3, the partially transposed Choi matrix C_of each marginal
51- has the form

Cs, =i (1)) + 8- v((12)"
—ev((Z0) oo (<0

e ((Z0) e (D)
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for some complex numbers a; and ;. For all p € I', the marginals (T)Z on p are
;(p) = Trioy [C5, (0" © 1a)]
r r
= ;- Trggy [$((D@) (08 L)| + 6 Ty [0((12) (0@ 1)
=a;-Lg+ B p,

and the fidelity F/(®;(p), p) becomes,
F(®i(p). p) = Tr | (B:(0)) ]
e (("-p) e Id)l
= Tr |y, (0 L) |

=q;-Tr [w((l)(Q))r(,O ® Id)] + B+ Tr [¢((1 2))r(p ® Id)]
=d-o; + fi.

3.1.2 Equatorial quantum cloning problem

Recall that in the case H = C?, the pure quantum states can be written,

§(Ig+rx-ax+ry-ay+rz-az),
with 7 == (r4,r,,7.) € R? and ||r|| = 1, and thus are isomorphic to the unit sphere
in R3. The equatorial pure quantum states are the pure quantum states located
on the x — y equator of this sphere, i.e. r, = 0. The equatorial pure quantum states
are of the form, ' 4
™ 0) + e 1)

V2 ’

for some 6 € [0,27)%.

Remark. The 4 states used in the BB84 protocol [BB84] are all in the = — z
equator, and the two equators x — y and x — z are connected by a change of
basis.

When the subset I' of the pure quantum states is the set of states of the form,

9

1
eiek ‘]{> ’
0

Sl
i
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for some @ € [0,27)4, the subgroup G of Uy can be chosen to be the group of
monomial matrices in [0, 27). The quantum cloning problem becomes the equatorial
quantum cloning problem. Then from Proposition 3.3, the partially transposed

Choi matrix C(% of a twirled quantum cloning channel ® commutes with all the

diagonal unitary matrices U®(N*1 and all the tensor representation of permutations

Y(0)®WFD e, it is in the commutant of the algebra
Spang {U®" - ¢(0)®" | U € diag. Uy and 0 € S,} .

From Theorem 1.4, the partially transposed Choi matrix C’(% is in the algebra

Spanc {¢(p) |p € Uy, } .

That is, it exists a family of complex numbers ¢, indexed by the uniform block
permutations of Uy such that

Cs = Z Cp'¢(p)r~

peEUN11

From Proposition 3.3, the partially transposed Choi matrix Cj_ of each marginal
EI;,- has the form

Cg, =i p(18]24) + 8- (14]23) 4 p(1234)
SR b RERT (e R
(T () (1)

for some complex numbers «;, 3; and ~;. For all p € I'; the marginals ®; on p are
Pi(p) = Tryoy [Cg, (0" ® 1)
— Tryg [(a p(13]24) + 8- (14]23) + - ¢(1234)r> (p® Id)l

=a; - Iq+ Bi - p+ i - diag(pir, - - -, paa)
:OZZId+B@p+'7zId7
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and the fidelity F(®;(p), p) becomes,
F(®i(p), p) = Tr | (Bi(0)) ]
= Tr C@((pT - p) ® Id)}

— Ty -<ai-77/)(13 | 24)r+6i-z/z(14|23)r+%-¢(1234)r> (p®1d)}

=d-o;+ B+

3.1.3 Average vs. worst fidelity

In Section 3.1.1 and Section 3.1.2, the marginals ®; and U; of a twirled quantum
cloning channel ® for the universal quantum cloning problem and a twirled quantum
cloning channel ¥ for the equatorial quantum cloning problem, were shown to be,
on all p € I',; some linear combinations of the trace, identity maps. Using the trace
preserving property of quantum channels, the marginals becomes on all p € I, some
affine combinations

~ 1, ~ I
d>z-(p)=p-p+(1—p)gd and ‘I&-(p)zq-er(l—Q)Ed,
for some p,q € R, and with fidelities F(EI;,(p), ,0) and F({Iv/,(p), p),
~ 1—0p ~ 1—¢q
F(‘I)z‘(P)aP) ZP+T and F(%(P)»P) ZQ+77

In particular, none of the fidelities depend on the quantum state. Hence both opti-
mization problems,

$ cprp i pel’

(average) sup ZN:ai- E [F(Cbi(p),p)}

(worst) sup Zai - inf [F(fbi(p),p)],

® cprTp S pel’
=1

are equal on universal and equatorial I'’s. However, the expectation value will be
more convenient to manipulate, especially for to determine an upper bound.
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3.2 Upper bound

This section is dedicated to the determination of an upper bound for both the
universal and equatorial quantum cloning problems, given a direction vector a €
[0, 1]". For all quantum cloning channels ® : My — (/\/ld)®N, and for all subset I'
of the pure quantum states,

N

> 5 [F.0] - - 5 [ [m)]

_ Zai 'K _Tl“ (CI)(P)) (P(i) X ]?(N_Q)H

pel’ i

N S
— ;- E T T ; I®(N*1) i|
Za 2 v |Calpio) @ Py @1, )

N
— ;- T ( E T ; I®(N*1)> )
Z a T |:C<I> per [P(g) & ( )} & d

Theorem 3.5. For any direction vector a € [0, 1] the universal quantum cloning
problem is upper bounded by

)\max(Ra)
sup ;ai. E [F((I)i(p),p)] < i+l
where Amaz(Ry) 1s the largest eigenvalue of the matriz

N

R, = Z a; - (d2 T +d- w(07i)) (39 ]C?(N_l),

=1

with quantum states Lo ;) and w ), respectively mazimally mized and maximally
entangled, between between the 0-th and i-th quantum systems.

Proof. Let VIVC? be the symmetric subspace of (Cd)®N defined by
VNC? := Spang {v®" | v € C?}.

It is well known [Har13| that VVC? is an irreducible representation vector space
for the representation U +— U®" of the unitary group Uy. Since the pure quan-
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tum states I" are generated by the unitary matrices, i.e. I' =~ {U pU*
for any pure quantum state p, then

UeUq}

i
E [po) ® pi] = (p@r o @ po)] )

-
-(frers
r
-
= (/ U |0X0|U* @ U |oXo| U* dU) :
Uq
Note that the integral, before taking the partial transpose, commutes with all

the unitary matrices U ® U and lives in End( V2 (Cd), by Schur’s Lemma it must
be a multiple of the identity in V2C?. The identity of the bipartite symmetric

subspace is
P((DE@) +$((12)

2
The unit trace condition, together with the partial transpose, give
r r
B [po ] = HOE) +u(12)
per PP d(d+1)
_ @1y +d-we
d(d+1)

Finally the universal quantum cloning problem becomes

sup f}a E_|F(®:(p)p)]

® cprTP i—1 peT
N
=5 > ai-Tr [%( E, [rfo ® pe)] ®f§“v‘”)]

® cpTp S pel’
i=1

Tr [C@Ra)

T o dldt1)

Then from the inequality Tr[C'R] < Tr[C] - Amax(R) that holds for any positive
semidefinite matrix C' and symmetric matrix R, and the equality Tr [Cq,] =d
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for any Choi matrix Cs of a quantum channel ® : My — My,

Tr [Co R, Tr [Co]
—Lrerral il g
S a1 S S, qa gy e
o )\max(Ra)
od+1

Remark. The upper bound in Theorem 3.5 is a special case of the result of Jaromir
Fiurasek on the extremal equation for optimal completely-positive maps [Fiu01].

The spectrum of the matrix R, has been considered in a recent series of papers
for the port-based teleportation protocol [Stu+17; Moz+18; Led22|. In particular,
in [Chr+21, Lemma 3.6], all the eigenvalues of the operator R,, up to shift factor,
are given in the special case of a = +(1,...,1).
Theorem 3.6. For any direction vector a € [0,1]Y the equatorial quantum
cloning problem is upper bounded by

N

sup Zai. E [F((I)i(p),p)] <

® cprp pel’
=1

)\max(Ra>
d 3

where Amaz(Ry) 1s the largest eigenvalue of the matriz
N
Z a; - Loy +d - wes —d- X(O,i)) ® [N,

i=1

with quantum states Lo and w ), respectively maximally mized and mazimally
entangled, between between the 0-th and i-th quantum systems, and quantum state
X(0,i) defined by

=
= g Z szii} ,
i=0

between between the 0-th and i-th quantum systems.

Proof. Let ’—|—> be the pure quantum state defined by ’—|—> f Z > then
for any pure quantum state ‘1/}> e I, ie., of the form f Zd L it ‘k> there
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exists a diagonal unitary matrix U in diag. Uy such that {¢> =U |+> Then

E il i = 1 d
E [plo) @ p)] /FP ®p dp

_ 7 T *
_[hag.U|+><+\U ® U [+ )X+ U* dU.

Ug

Using integration over random diagonal unitary matrices [NS21],

d* Ty +d-woy —d- X

7 T * _
Aag.UWHU QU |[+X+|U* dU =

2
Uq
Which leads to the upper bound,
N
Amax(Fa)
: a B [F(®i(p),p)] <
@ };lpprZZl peT ( (o) '0) d

tity terms in the matrices R, only lead to a shift in the largest eigenvalues

Remark. For both the upper bounds in Theorem 3.5 and Theorem 3.6, the iden-
)\max(Ra)'

3.3 Universal 1 — 2 quantum cloning problem

This section is devoted to the universal 1 — 2 quantum cloning problem, in
the general case of quantum systems of arbitrary dimension [NPR21|. The prob-
lem is studied from the following perspective: given some target pair of fidelities
(f1, f2), does there exist a quantum cloning channel ® from M, to (./\/ld) ®2, such
that F(CIDi(p),p) = f; for all pure quantum state p. As seen in Section 3.1.3, by
twirling the quantum cloning channel ®, the marginals becomes for all pure quan-
tum states p,

Iq
d?

~ I ~
qh(ﬂ):pl'ﬂ"‘(l—]?l)gd and Do(p) =p2-p+ (1 —p2)

for some py, ps € R. Therefore, the following transformations rules for ® hold:

(1—p1) (1—p2)
d d

fi=pi+ fo=p2+
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df 1 _df 1
d—1 2=

The main result is expressed as the following: the achievable fidelity region,
defined as

{(hr)

is a union of ellipses, with the optimal one coming from a restricted class of
quantum cloning channel (see Figure 1).

Theorem (|[NPR21|). The achievable fidelity region for the universal 1 — 2
quantum cloning problem is the union of a family of ellipses indexed by A € (0, d],
given by

p1 =

30 My 5 (/\/ld)®2 such that E [F(@i(p),p)} = fz} ,

peUy

x? —cy)?
aA by
with ay = \/d;\j,b,\ = ﬁ and ¢y = jlglj. The parameters x and y can be
expressed as,
v = dhp) -
_ d(fitf2)-2 or _
Yy = d—1 Yy =D + D2.

The optimal quantum cloning channels correspond to A = d.

In Section 3.1.1, the Choi matrix Cj of a twirled quantum cloning channel ® from

Mg to (./\/ld) , was shown to be a linear combination of the 6 partially transposed
tensor representations of the symmetric group Gs:

Cg,:cl.q/;(E;)Jrcz.q/}<§>_c§)+cg.¢(._.>+c4 zp( )+C5 w(.\c>+c6 w()f.)

for complex numbers ¢y, ..., ¢ € C. Such linear combination is the Choi matrix of a
quantum channel if both the positivity and the trace conditions of Theorem 2.1 are
satified. B

By taking the corresponding partial traces, the two marginals of ® becomes on
all pure quantum states p,

O, (p) = (dey + ¢5 + o) p + (dPcy + des + dc4)

- iy E
p1 1-p1
52(p) = (ng + c5 + Cﬁ) P+ (d201 + dCQ + dC4) Ed

~~

~
P2 1—p2
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b1

Figure 1 — The achievable fidelity region [ of the universal
1 — 2 quantum cloning problem is the union of a continuous
family of ellipses [.

The partially transposed tensor representations w()\c) and 1/1(3/() corresponding to
the two cycles (123) and (321) of &3 contribute, with coefficients ¢5 and ¢g, to both
the p; and py of 51 and :132. Hewever, due to the no-cloning Theorem 3.1, a Choi
matrix composed only of the two cycles (123) and (321) of G3 cannot be the Choi
matrix of a quantum channel, since no linear combination,

o (3€) + 8- (26)

is positive semidefinite. Hence, contributions from the other 4 partially transposed
tensor representations are needed to ensure the positivity of the Choi matrix C5.
The trace condition implies that

d?cy +d(cy +c3+cq) +c5+cg = 1.

In the following, the tensor representation function ¢ is dropped, and instead
the partially transposed permutations are depicted using the graphical calculus from
Section 2.5. The focus now shifts to the problem of characterizing the positivity of
the Choi matrix Uz using the coefficients ¢;. To achieve this, let the vectors u; and
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v; of be defined for all i € {0,...,d — 1} by,
u; = Vd- ‘Q>(o,1) ® |i) and Vi = |Q> (0.2) ® i),

depicted as

=D Y
u =32 and v; = o5

Then, the action of the partially transposed permutations on these vectors is given
by,

D =D DCD —=4.D MDD Dy
o—o0— ; o—7 o—o0— ; o—7 ° \“—i o’/ (3 1)
.—OOD . Ol .\c'.D . . .l . .)(..D . .D .
R X2, =d- i e =2,

and,
Ll 11 . . L1] . . L1] .
o—ooli = o}z .)c.oli = oD . .\—rooll —= d . ‘li
Lol 1 1 . Ll 1 1 o7 . .O (3 2)
=D AR, D, DU, gD '
Dd ooJ = o— ol\.oJ v o/ ¢ ./\..J v d 0—7;'

The vectors u; + v; and u; — v; are eigenvectors of )(- + oL - and -\(- + ->f .. Since

they are all d-rank matrices, their complete (nonzero) spectrums is known.

. o d 1 d
Spec(x +.)_(.):{( + ) X

o (d—1) xd
+(d+1) xd
Spec( +>f.>:{—(d—1) d

The other two partially transposed permutations E and ;, are unitary matrices
and thus have full rank.

In the next two Sections the positivity of the Choid matrix C5 is characterize in
terms of the coefficients ¢;, first by restricting to the first 4, and then considering the
general case.

3.3.1 Restricted quantum cloning channels

In this Section, the universal 1 — 2 quantum cloning problem will be solved
when the Choi matrix Cj is a linear combination of only 4 partially transposed
permutations of &3, that is,

Cy =2+ ea B + ey DG e 26
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Since Uz must be positive semidefinite and in particular Hermitian, the following
must hold: ¢, ¢y € R and ¢3 = ¢4. That is;

Cg=a 2a+h sty 2X+7 2

such that the trace condition becomes d(a + ) + 2R(y) = 1. Using Eq. (3.1) and
Eq. (3.2), The 4 partially transposed permutations can be block diagonalized in the
basis of the 2d vectors u; and v;, i.e.,

U;

().~ (1 o)
Ge-(1d)  e9-(1) (o)

such that each partially transposed permutation operators is a direct sum of d such
blocks and d® — 2d zero blocks, e.g.,

®dd
e A
==\0 0

Then the block diagonal decomposition of C5 becomes

_ (da+7y a+dy
(C‘f)i_(ﬁﬂh d6+v)'

It is well known that a 2x 2 hermitian matrix M is positive semidefinite if and only
if det(M) > 0 and Tr[M] > 0. Then Cj is positive semi-definite if and only if each
of its 2 x 2 blocks, in its block diagonal decomposition, are is positive semidefinite.
That is

and,

Tv [(05)1} = d(a+ B) + 2R(7) > 0

and
det ((Cg))) =af — |[y* > 0.

The first condition is always true since d(a + () 4+ 2R(y) = 1. Finally, the Choi
matrix Cy is the Choi matrix of a quantum channel, and thus a quantum cloning
channel, when both

dla+p)+2R(y) =1 and af > |y
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The two marginals of ® becomes on all pure quantum states p,

51(;)) = (da + 2%(7)) p+ dp %
p1 1\_;’-1/

- I

Bs(p) = (dB +2R(7)) p+ da .

1—
P2 D2

Theorem. The achievable fidelity region for the restricted universal 1 — 2 quan-
tum cloning problem s the ellipse given by:

. 2 _
with a = \/d+7_1, b= d%l and c = %. The parameters x andy can be expressed

as,
v o=4hp o T =p1—D
y =42 y =pi+pe

Equivalently, the achievable fidelity region for the restricted universal 1 — 2
quantum cloning problem is the set,

{(pl,pz) € Lﬂ_——lrl] <1_p121§1_p2> S (p1 +p2—1)2}.

2
Proof. A pair (p1,p2) € [d;—_ll, 1] is in the achievable fidelity region for the
restricted universal 1 — 2 quantum cloning problem if and only if there exists
coefficients a, f € R and v € C satisfying both,

dla+B8)+2R(y)=1 and  af>|yf,
with,

p1 = da + 2R(v) po = dB + 2R(Y)

Such a complex number v exists if and only if,

(1 —d(;+ﬁ)>2 < o
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Rewriting the this inequality in terms of p; and ps yields,

(1—p1();1—p2) - (p1+P2—1)2.

2

Restricted Achievable fidelity region

10 . {lmad =2
“\\ . d - 3
\\\ |:|d — 4
0.5 | | AN\ -
D2
\ \
0l ; \\\ J |
| | |
0 0.5 1

Y4

Figure 2 — The achievable fidelity region for the restricted uni-
versal 1 — 2 quantum cloning problem is an ellipse.

3.3.2 General quantum cloning channels

In this Section, the general case of the universal 1 — 2 quantum cloning problem
will be solved when the Choi matrix Cj is a linear combination of all the 6 partially
transposed permutations of G3, that is,

Cr= 25403647 3647 Db Eiber 5
The hermitian condition on Cg imposes that o, 8,e1,€2 € R, and the trace condition
reads d(a + B) + 2R(y) + d*¢; + deg = 1. As in the previous Section, the action of
(U3 decomposes on with respect to the the 2d vectors u; and v;.
Let V be the complex span of the 2d vectors u; and v;:

V = Spang {21731},
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then V C C? ® V2C?, and is invariant by the two partially transposed permutations

=+ and ¢ that have both full rank. On V*, the spectrum of ) - +=: 4 &5 - 55+ is

—- —- e1+e; xdUED _og
Spec |y (61 = :x:) = { iy
1 — &2 XdT

Then the complete block diagonal decomposition of (5 is made of 2 x 2 and 1 x 1
blocks. The 1 x 1 blocks (g1 + €2) and (g1 — €3) are positive when €; > |e3]. On V/
the block diagonalization of C becomes,

®/ B+dy+e dB+vy+e1/)’

After the change of basis

Do ;<:>4+:}i)
T 2(d+ 1)\ ™

. 1 . .

S VP U (o> U W
=1 <' . ' l);
7 20d—1)\—i

the block diagonal decomposition becomes the Hermitian,

( ) (d+ 1)%}%(7)4‘81—%82 \/d;71<a—6)
C3), =
VEL (o — ) (d+1)2H2R0) 4 o) — g,

The two marginals of ® becomes on all pure quantum states p,

& I

1(p) = (dov +2R(7)) p + )df + 1 + dey) =
;: 1:;71

& I

Da(p) = (dB +2R(7)) p+ (da + dPer +dew) =
Z;g 1:;72

Theorem. The achievable fidelity region for the universal 1 — 2 quantum
cloning problem is the union of a family of ellipses indexed by A € (0,d], given

by
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with ay = \/61/2\7—1’17/\ = ﬁ and cy = zél:f. The parameters x and y can be
expressed as,
z =40p) or T =P
d —2
y = dhtf)2 Yy =pi+Dpe

Proof. Setting x = p; — py and y = p; + py, together with the relation
d(a+ B) + 2R(7y) + d%e; + dey = 1 yields,

(2—1)y+d(d—1) ((d2=2)e1+dea—1) +2 o
2d 2d L
(05)1‘ -
V&I (2 1)y+d(d+1) ((d2—2)e1+dea—1) +2
24 L - 2d

Let A := —d((d? — 2)e1 + de5 — 1), then the block diagonal decomposition of
(U reduces to

1 (@ =1y —(d-1)x+2 VE 1z
(Of)i ~ 97
In this way, the positivity of each of the 2 x 2 blocks becomes
2 — )2
0<\<d and x—2+u§1’
a b2
A A
with ay = \/d+7_1,bx = - and ¢, = 32

3.4 Universal 1 — N quantum cloning problem

This section covers the arbitrary universal 1 — N quantum cloning problem, in
the general case of quantum systems of any dimension [NPR22].

3.4.1 Partially transposed permutations

This section is devoted to the study of the partially transposed tensor represen-
tations ()" of the symmetric group &y, that appear in the Choi matrix of the



66 CHAPTER 3. QUANTUM CLONING

twirled quantum cloning channels. In this section, the symmetric group Gy, is the
group of permutations of the set {0, 1,... N}, starting from 0.

Remark. In the Choi matrix of a twirled quantum cloning channel, the input ten-
sor corresponds to the set {0} of its partially transposed tensor representations,
and the ouput tensors correspond to the set {1,... N}.

Let 0 € Gy such that 0 is a fixed point of o, i.e. (0). Assume that (o)
appears in the Choi matrix of a twirled quantum cloning channel, then ¢ does not
contribute to the performance of the quantum cloning channel. Indeed on all pure
quantul states p,

Trggy [0(0) (0" @ 15Y)| = T [p7] - (6) = v(5),

where ¢ is the permutation of the symmetric group &y on {1,..., N}, obtained from
o by dropping {0}. Each marginals in thus a scalar multiple of the identity.
Let >, be the subet of G be defined for all 1 < a,b < N by,

Sap = {0 € Gny1|0(0) =aand 7' (0) =b}.
This gives a partition of

{O’ € Gny1 { O'(O) 7£ 0} = U Za,,ba

1<a,b<N

where each set X, contains (N — 1)! permutations.
Note that for all 1 < a,b < N and for all o € X, there exists a unique & € Sy_4
such that the partially transposed tensor representation 1 (o)" decomposes into,

V(o) =v((La)) - (d-wor @) - ¥((1D)), (3-3)

where (d “W(o,1) ® w(&)) is the partially transposes tensor representation of a permu-
tation in 21’1.

Lemma 3.7. Let distinct 1 < a,b,c < N, then

Tr[N—i—l]\{O} [ Z w(g)r:| :é Z Tr [¢(0)] . Id

G’EEaﬁb

Trn41\{0} [ Z w(a)r] = Z Tr [¢(0)] - La.

O'Ezc,c
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Proof. For the second equation, using the decomposition of Eq. (3.3),

Triv-1\(0} { > ¢(0)r]

o€ e

ZTF[NH}\{O}{ > ¢((10))'(d'W(071>®¢(6))'¢((1C))}

6EGN_1

—TF[NH\{O}{ > Zw (1)) - ([iiX3s] @ (8) ¢(<1C))}

eEGN_11,7=0

[ $ T w00 (1961290 s(0e-1)] ik

6eEGN_1 %,9=0

= ) Tr[¢(o)] L

oc€EGN_1

where 1 ((0 (¢ —1))) is the tensor representations of the permutation (0 (c — 1)
on {0,...,(N — 1)}. For the first equation, since the partial transpose is a
linear operator,

Triv41\{o} { Z %U(U)r] = (TT[NH]\{O} {Ug;bw(a)]>r.

erayb

For any 0 € Gy.q, the partial trace of the tensor representation (o) is a
multiple of the identity, i.e.,

Trin oy [Y(0)] = ¢+ Lo,
with ¢ = 1 Tr [¢(¢)]. Then

(Tr[zm]\m} { > w(a)Dr = %lTr{ > 1/1(0)] Iy

UEZa,b C"Eza,,b

For a permutation ¢ € Gy.y1, let #0 denotes the number of disjoint cycles of

. Then
Tr[ > zp(a)] = > ar

O'Ganb

= Y gHleten),

O'GEa,a
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Let distinct a,b € {0,..., N} and a permutation o € &y with its decompo-
sition into disjoint cycles o = ¢y o -+ o ¢. If there exists ¢ € {1,...,k} such
that both a,b € ¢;, then the permutation ¢; o (a b) can be decomposed into
two disjoint cycles. Otherwise, if there exist distinct 7, € {1,..., k} such that
a € ¢; and b € ¢;, then the permutation ¢; o ¢j o (a b) can be decomposed into
only one disjoint cycle. Finally

#Ho+1 ifJdie{l,....k} st abeq
#0 — 1 otherwise '

#kw<a®]={

But when o € ¥,, and since b # a, in the decomposition of ¢ into disjoint
cycles, a is in the cycle (0 a), and # [0 o (a b)] = #0 — 1. That is

Tr{ > ¢(U)] zéTr{ > w(a)]
0€Xap 0€Y¥a,a
Using the first equation,
1
Tr[N—i—l}\{O} { Z w(a)rl = C_Z Z Tr [1/}(0)} ~Id.

0E€X, b ceGN_1

The next lemma establishes the relationship between a Choi matrix of a partially
transposed tensor representation ¢)(o)", and its corresponding quantum channel.

Lemma 3.8. Let some 1 < a,b < N and o € X,;, then there exist p,v € Gy
satisfying 1(0) = a —1 and v *(0) = b— 1, such that (o)™ is the Choi matriz of
the linear map,

X () - (X @ I7™0) i),
Proof. Using the decomposition of Eq. (3.3),
Y(0)" =9((1a)) - (d-wo1 @(8)) -9 ((1D)),
for some unique permutation ¢ € Gy_;. Then,
Trgy |4(0) (X7 @ 1Y)

= Trgy [$((10)) - (d-wi @ () - ((19) (X7 @ 1Y)
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4,7=0

= Trio) { S (@) - (Ji¥is] © (6) - v((10) (X @ I5)

= 5 (i) - (0 = 1) - (9451 ©966) - 6((0 - 1)

1,7=0

=¥((0(a—1))) - (X ®@(6)) - ¥((0(b—1))).

Thus, by setting ¢ (1) =¥ ((0(a—1))) and ¢(v) = (Ll4®¢(5)) ¢ ((0(b—1))),
the result holds.

Recall that the upper bound of the universal quantum cloning problem for a
direction vector a, from Section 3.2, is given as the largest eigenvalue of the the
matrix /7, defined by,

N
Roi=3 i (d 1oy +d-won) @ 157",

i=1

The eigenvectors of R, are the same as those of the matrix 5, defined by,

N
S, = Zai . (d . w(o’i)) @ [8W-1).
i=1

Lemma 3.9. [NPR22] The normalized largest eigenvectors of S, are of the form

(= b (VA 2, @ )

=1

for some vector }v> in the symmetric subspace VIN"DCE, and some positive real
numbers b; satisfy the equation,

(d—1)§:b§+ (i::bi)zzy

2
The largest eigenvalue becomes Apae = Zfil a; ((d —1)b; + Zjvzl bj> )

I Remark. Note that the positive real numbers b; depend on the direction vector
a.
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3.4.2 Optimal symmetric quantum cloning channels

The symmetric universal 1 — N quantum cloning problem is a special case of
the quantum cloning problem, where all the marginals ®; of the quantum cloning

channel are asked to be equal on all pure quantum states p, i.e.,
Iq
Cilp)=p-p+(1=p),
where p does not depend on the choice of the marginal ®;.
Theorem ([KW99|). The optimal quantum cloning channel ®,, from My to

(Md)®N, for the symmetric universal 1 — N quantum cloning problem, is de-
fined on all pure quantum states p by

N—1
B opi(p) = P (p@ 17 P,

Tr [PgN]
where PgN is the orthogonal projector onto the symmetric subspace VNC?, defined

by X
P = N Z U(o).

ceG N

Then each marginal ((I)opt)i 15 equal, on all pure quantum states p, to,

(8,0, () = 25N AN \ L
)i’V = N+ 1) Nd+1))d
P:;t I:Z:)pt

3.4.3 Optimal asymmetric quantum cloning channels

The asymmetric universal 1 — N quantum cloning problem is the general case
of the quantum cloning problem, where the marginals ®; of the quantum cloning
channel can be arbitrary.

In Section 3.3, the main technical difficulty was the positivity condition of the
Choi matrix of the quantum cloning channels. Let & : M; — (/\/ld) M be is a linear
map defined by,

O(X) = AX @ 15Ny A7,
for some matrix A € Myv. Let ¥ : Myv — My~v be a linear map defined by
U(X) = AX A*, then,
U(z e IfYY) = o(X).
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Optimal symmetric fidelity
0.8 ‘ ‘

—d=2
d=3

popt

Figure 3 — The optimal fidelity for the symmetric universal
1 — N quantum cloning problem.

Through this conjugacy form ¥ and in particular ® are both completely positive.

Theorem 3.10. Given a direction vector a, let x = Z@JL b; - (\/E |Q>(o N )@ }v>
be normalized largest eigenvectors of S,. The optimal quantum cloning channel

3, from My to (Md) ®N, for the asymmetric universal 1 — N quantum cloning
problem in the direction a, is defined on all pure quantum states p by

a . dN(N +d— 1) a N— a \*
¢ (p) = TP ] Pe (p@ 13 1))(PGN) ,
where, )
PgN = ﬁ Z ba(O)—i—l . 1/1(0')
) ceSCN

Proof. The complete positivity is given by the conjugacy form of the quantum

a
channel ®g .

For the trace preserving property, the Choi matrix Ccpgpt of ¢ will be first
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determined. For all pure quantum states p,
dN(N +d—-1)
Tr [PgN]

dN(N +d—1 _
- (N!)<2 Tr [PgN)] ;N (boo)+1 - b)) - (o) (p ® IV ) (7).

Pe (po Iy V) (Pe,)

(bgpt (p) =

As a consequence of Lemma 3.8, for any 1 < a,b < N, the matrix

(N=D! Y g,

O'Eza’b

is the Choi matrix of the linear map

X Y g (X IZYY) p).
MVEEab

w(0)=a—1
v 1(0)=b—1

This implies that the Choi matrix C@gpt of ®g.; is,

AN +d-1)
Cias bab
ot T N1 T P+ Z oo

GN 1<a,b<N
Ueza b

Finaly, using Lemma 3.7, the equation (d—1) Y5, b2+ (Zl L bi ) = 1 satisfied
by the positive real numbers b;, and the relation Tr [P¢ ] = % +]\C’l T [P ],
the trace condition on the Choi matrix Cq;gpt holds, i.e.,

Triv oy [Coz,,] = o

opt

Hence <I>apt is trace preserving, and thus a quantum channel.
[t remains to prove that the optimal quantum cloning channel ®¢  saturates
the upper bound,

S o E [Flg0,00.0)] < 2l

=1
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For all marginals (®2 ) , the average fidelity E, e [F((@gpt)i(p), p)] becomes,

opt/;

E_|F((@5),(0):0)] :pIEEF[ |Cos,, (ly ® P19y @ 15 1)”

pel’
1

= ®(N-1)
Sddrn {C‘I’gpt <(d2 T +d-won) @1 ﬂ

Tr [C@gpt] + Tr |:Cq>gpt (d W(0,) ® ]SMN_U)]
d(d+1)
d+Tr [C‘I’ﬁpt (d- wez ® [59(N,1))}
d(d+1)

Using the form of the Choi matrix Coa

Ly d(N+d—1)
o (@ w0 ® 157 = RECL 57 bty (w()" - w(09)')

N Tr PgN 1<a,b<N
UEECL b
_dN+d-1) ( >
bo( (d—1bi+ > by )e(o)
NLLTy [Pt Z : L
N' Tr PGN 1<a<N 1<b<N
gES, ;
Such that taking the trace yields, using Lemma 3.7,
P 2
Tr [C% (@ wop @ [Q@(NJ)H - d<(d — Db+ ba’) )

j=1

and finally the average fidelity becomes,

1+ ((d—1b+ XX, b))’

E |P((@5),(0).0)] = .
But since
po($2) = (1 ) = D (@@= 18+ 38,

then the equality S_N  a; - E er [F((@gpt)i(p), p)] = /\ma"(R“ holds.
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3.4.4 Optimal quantum cloning channel necessary condition

Let a be a direction vector and ®¢  be the optimal quantum cloning channel for

the universal 1 — N quantum cloning problem in the direction a. For all marginals
(Popt),» the average fidelity f; = E,er [F(@gpt)i(P), P)] is

L+ ((d=1)b+ XY b)°

fi= d+1

Summing over all ¢ yields,

S Vd+Dfi-1=(N+d-1)) b

Using the equation (d — 1) 3N b2 + (Efil bi)2 = 1 satisfied by the positive real
numbers b;,

N N

(d+D)fi-1)=>" ((d —1)b; + ij)

=1

=(d—1)+(N+d-1) (Zb)
(S VE@+0f- )

N+d-1

1=

—(d—1)+

Finally from the relation f; = p; + = —F*, the necessary condition for the p;’s of the
optimal quantum cloning channels becomes

<Zz 1\/ d? — 1)p; + >

N+d-1

N+ (d®*=1)> pi=dd—1)+ (3.4)

3.4.5 The O-norm

Let z € RV, and define its O-norm by

AAmax (S2) = [|2]s
d?—1 ’

lello =
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Necessary condition optimal quantum cloning channel

1l | d=2
d=3
—d =4

0.5 1

D2

0, |

| | |

0 0.5 1

P1

Figure 4 — The necessary condition Eq. (3.4) of the optimal
quantum cloning channels for the universal 1 — 2 quantum
cloning problem.

where ||z||; = Zf\il |z;| is the ¢; norm of the vector x and the matrix S, € Mgv+1 is
given by,

N
Z d wOl)®[§)(N_1).

Note that the Q-norm depends 1mp1101t1y on a parameter d, and for non-negative
2 € RY, the matrix S, coincides with that of Lemma 3.9.

Remark. Note that on its own Apax(S;) defines a norm, but in general, except
for trivial examples, subtracting two norms don’t provide a new norm.

Proposition 3.11. For all N > 1, the quantity ||-||g is a norm on RY.

Proof. The absolute homogeneity of ||-||g comes from the fact that both
Amax(Sz) and ||z||; are also absolutely homogeneous.

Let z € RY such that ||z]lg = 0, then d - A\pnax(S:) = [Jz]i = Tr[S,]. In
particular all eigenvalues of S, are equal to A\yax(Sz), and hence

Sx - /\max(Sx) : Isi)(N—H))
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With Amax(Sz) > 0. Let distinct 4, j = {0,...,d — 1} and |¢)) defined by,

[v) =lig--3)-

N times

Then

N
#=ll

<”¢‘ /\max(Sx> : If(N+1) |w> — )\max<Sx>-

$) =0

Finally Apax(Sz) = 0 implies # = 0, and ||-||g is positive definite.

For the subadditivity of ||-||, it is sufficient to prove that for any z,y € RY
such that ||z]lg < 1 and |y[lo < 1, then ||*32||o < 1. It is possible to assert,
without loss of generality, that by multiplying the vectors by a scalar, the vector
z+yisin RY. Let 2/ € RY be defined by

xr =

, {p;%;}maRy if [z, 2] N ORY £ 0

T otherwise

and similarly for 3/ € ]RN , where 8JRN denote the boundary of Rf . Then
HY € [¢/,y], and there ex1sts A € 0, 1] such that 22 = X- 2’ + (1 = \) - /.
Then using,

max(Z z+yi) - (d- woz))(g)[g)(Nl))
>~ max(zx d W()z ®I®(N 1)) +>\max(zy@ d W(OZ))®I®N 1)7

and the absolute homogeneity of ||| o,

T+y
|52, <2 lllo + (@ =0 - I/l < max (J’llo, I llo).
Now there exists t, € [0,1]" and t, € [0,1]" such that element-wise product
equations 2’ = t, -z and ¥’ = t, - y hold. It remains to prove that, for all

€ [0,1)" and = € RY, the inequality ||t - 2o < ||z||g hold. With this both
l2'lle < 1 and |ly'llo < 1, such that [|=[lg <1
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Let z,y € RY such that z; < y; for all i € {1,..., N}, then ||z]lg < ||yl o-
Indeed, let x = Zfil b; - (\/E ‘Q>(0 ) ) ® ‘v> be normalized largest eigenvectors

of S;, from Lemma 3.9, then using that }v> e VIN-D(C? and than all the b; are
positive real numbers,

(x| (- wisy) ® 1§ |x)

- 3 ) (Bl @ 01 o @ 5 )[R © 1)
= ((d— 1)bi+Zbk>2

. (z)

Now, using the equation (d — 1) 2N b2 + (Zfil bi)2 = 1 satisfied by the
positive real numbers b;,

1= (x|x)

= (d—1)§:bf+ (ibi)Q

i=1 i=1
N 2
< d(ZbZ) :
i=1
this implies that <X} (d W(o ) ® I®(N 2 ’ > > c_l This way since x; < y; for
alli e {1,..., N}, then )\max y) > <X| Sy |X> and,

Amae(Sy) = Amax(S2) (X| Sy = S [x)

Mz

(5 — ) - (x| (d- we) @ IZY Y |x)

(2

1

(yi — xi)a-

M-

=1
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1 1 .
Then ||y|lg = Amax(Sy) — aHyHl > Amax(Sz) — 3Hx|]1 = ||z|| o, which conclude

the proof since ¢ - y = z for some t € [0, 1]".

With the help of the O-norm, the upper bound from Theorem 3.5 can be re-
formulated as: for any direction vector a € [0,1]" the universal quantum cloning
problem is upper bounded by

sp S ai B [F(®00),0)] < gllall + (1= 2 Jall

® cprp pel
=1

Let the dual Q-norm, be defined on y € RV by,

(y,7)

lyllg = sup :

< zeRN H'IHQ
#£0

Q-norm & dual Q-norm 1-dimensional unit spheres [d = 2]

1, -

1l B

-1 0 1

Figure 5 — The 1-dimensional unit spheres of the Q-norm HE
and the dual Q-norm .
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3.4.6 Achievable fidelity region

In this Section, the characterization of the achievable fidelity region for the univer-
sal 1 — N quantum cloning problem will be given geometrically, as the non-negative
part of the unit ball of the dual Q-norm.

Let Ry, be the achievable fidelity region for the universal 1 — N quantum
cloning problem, that is,

CPTP [
RN = {p c0, V| 3P : My —5 (Md) s.t. ©i(p) =pi-p+(1—pi) ;} :

Theorem 3.12. Ry 4 is the non-negative part of the unit ball of the dual Q-
norm, i.e. p € [0,1]" is in R4 if and only if ||p|g < 1.

Proof. The following more general result will be first proved. Let X be a finite
dimensional real vector space and let X* denote its dual space. Let ||-||; be a
norm on X, let ||-||2 be a norm on X*, and define the dual norms as follows,

< >

o Y, x

[yll5 = sup < >, Vy € X.
zex+ ||7ll2
x#£0

Provided that both conditions,

Ve e X,Vye X%, (z,y) < llzllillyll: (3.5)
Ve Xx* Iz eX, (zy)=zlilyl (3.6)

are satisfied, then Vo € X, ||z||; = ||x|| In particular the unit balls of ||-||; and
||I-||5 are equal. Indeed, from Eq. (3.5), then Va € X,

(z.y)
Tl = [|z[)3,

and from Eq. (3.6), then Vy € X*, Az € X,

(y) _ (zy)
Tl = 22 gl

|z[l1 = sup
yeX*

s = < |lzll5,




80

CHAPTER 3. QUANTUM CLONING

which conclude the proof of this first result.
Now to prove the theorem, define the norm ||-||z on z € RN by,

|z||r = max {t >0t |z| € RNA},

where ¢ - |z| denote the vector of RY with coefficients ¢ - |#;|. The norms |||z
and ||-|| ¢ are as in the settings above. If both conditions Eq. (3.5) and Fq. (3.6),
i.e.

Vp e RY Va e RY, (p,a) <|plrllalle

Va e RY,Ip e RY, (p,a) = [plrllalle,
are satisfied, then the theorem holds.

Let p € Ryq and a quantum cloning channel ¢, : M; — (/\/ld)®N such
that for all marginals (®,), and all pure quantum states p,

Iq
(®p);(p) =i p+ (1 =pi)—
Then for all direction vectors a € [0, 1]V,

N

o+ (= Plale > sup 5o E [F(@0).0)

® cpTP i p€eT

= ~Jally + (1 - 5) (py ).

This gives (p,a) < |lal|q for all direction vectors a € [0,1]". For arbitrary
a € RY, note that

(p,a) < (p,lal) < llallle = llalle,

showing that the condition Fq. (3.5) is satisfied, since ||p|lr = 1.
Let some direction vector a € [0, 1], then from Therem 3.10, there a quan-
tum cloning channel ®¢ ; such that,

a- B [P((®5),(0),9)] = gllall + (1 = 2)lele,

1=
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with some p € Ry 4, such that,

i+ E [F((@50,00),0)] = gllal + (1= 2) (p.a)

1=

This shows that condition Fq. (3.6) is also satisfied.

From Therem 3.12, the achievable fidelity region Ry 4 is a convex set delimited
by a family of hyperplanes (see Figure 6):

(p,a) = |lallo.

Ro,2 is delimited by a family of hyperplanes

1, -

0 1

Figure 6 — Ra2 [l is a convex set delimited by a family of
hyperplanes [ (p, a) = ||a| o

Note that within the formulation of the quantum cloning problem, i.e.

sup ZN:ai- E [F(q)i(p),p)],

® cpTp T pel’
=1

the optimal quantum cloning channels are twirled quantum channels, and thus their

I
marginals are of the form p — p; - p+ (1 — pi)gd, but the p;’s are not asked to be
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collinear with the a;’s. Instead they have to maximize,

N 1 p,
;“ (p"+ d )

The optimal quantum cloning channels from Therem 3.10, can indeed give p;’s in a
different direction than the a;’s, especially if the direction of the a; does not intersect
an extreme point of Ry 4. As a consequence, the optimal quantum cloning channels
from Therem 3.10 do not fill the boundary of Ry 4, since some points in this boundary
are not optimal with respect to the optimisation problem.

For example, from Therem 3.4.2,

2
max {p € [0,1] | (p,p,0) € Rsp} = 3’

that is the popy for the symmetric universal 1 — 2 quantum cloning problem is
2/s. However (2/3,2/3,0) € Rs» is not optimal for the asymmetric universal 1 — 3
quantum cloning problem, given the direction vector a = (1/2, 1/a, O). Indeed, the

the optimal quantum cloning channel in this direction, from Therem 3.10, gives

(2/3,2/3,1/9) € R (see Figure 7).

Flat region in the slice (p, p, q) of Rs2

2/3

0.5 :

|
0 0.5 1

Figure 7 — R32 is a convex set delimited by a family of hy-
perplanes, but some points may intersect more than 1 hyper-
planes. Here is a view of the slice (p,p,q) O of Rz, with a
flat region [.
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In conclusion, as the previous example shows, given a p € [0,1]", in order to
decide whether p is in the achievable fidelity region Ry 4, it does not suffice to check
the necessary condition Fq. (3.4).
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The present Section discusses the results of the papers “Monogamy of
highly symmetric states” [All423], of which I am a co-author. At the
time of writing this manuscript, that paper was in preparation. Only the
section on the extendibility of isotropic states is presented below.

In recent years, the problem of entanglement in many-body systems has received
particular attention in quantum physics and quantum information theory. This com-
plex but fundamental quantum phenomenon has been the subject of much work
because of its essential role in the description and understanding of quantum many-
body systems [WVI03; BV07; Ami+08; Tab+22].

4.1 Extendibility of quantum states on a graph

Let (& be a graph with N vertices. A quantum state on the graph G is a quantum
state p on a N-fold composite quantum system, each associated to a vertex of G, i.e.

pE (Cd)®N.

Let e := (u,v) be an edge of the graph G, the reduced quantum state p. is the
reduced quantum state on quantum systems v and v, i.e.

Pe = TrG\{u,v} [p] .

The complete graph on N vertices, denoted /{ is the graph G where for all
distinct vertices u and v in G, the pair (u,v) is and edge of G, i.e. every pair of
distinct vertices is connected by a unique edge (see Figure 8a). The complete graph
Ky has N(Jgfl) edges.

The star graph on NN vertices, denoted Sy is the graph GG with a distinct central
vertex v € G such that the pair (u,v) is an edge of G for all other vertex u € G, i.e.

it is the 1-depth tree of order N (see Figure 8b). The star graph Sy has n — 1 edges.

From Section 2.2.4) a bipartite quantum state p is k-extendible if there exists
a quantum state o on the star graph Sy, such that for all edges e, the reduced
quantum states on e is,

Oc = p.
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AN |

ey N

(a) K5 (b) Se

Figure 8 — Complete graph on 5 vertices K5, and star graph
on 6 vertices Sg.

4.2 Quantum cloning: star-graph extendibility of
isotropic states

The quantum cloning problem can be seen as an extendibility problem, when
considering the Choi matrix of the quantum cloning channel. Indeed, a perfect
1 — N quantum cloning channel ® : My — (/\/ld)®N would have a Choi matrix Cg
living on a star graph Sy such that for all edges e, the reduced Choi matrix on e
is,

(C@)e =d-w.

Because of the no-cloning Theorem 3.1, or alternatively the monogamy of the entan-
glement from Section 2.2.4, the normalized reduced Choi matrix on e is required to
be instead an isotropic state,

(Cq>)e = )\e L) —f— (1 — )\6)1,

QU=

where I is the maximally mixed state on C? @ C*
The symmetric 1 — N quantum cloning problem can then be solved using a
semi-definite programming (SDP) optimization problem:

max p
Co.p
st. (Co)e=d(p-w+(1-p)]I), for all edges e

Triveipgoy [Co] =1s, Co >0, pe(0,1].
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Note that in the previous optimization problem, the conditions Trjy,1)\ {0} [CQD] =1
and p € [0, 1] are superfluous, and the optimization problem reduces to,

max p
Co.p
st (Co)e=d(p-w+ (1-p)), for all edges e
Cop > 0.

From Therem 3.4.2) this optimization problem has optimal solution:

44N
Port = Na+ 1)

4.3 Ky-Extendibility of isotropic states

The optimization problem of Section 4.2, can be extended to the following quan-
tum state marginal problem. Given a complete graph Ky, what is the largest
p € [0, 1], such that there exists a quantum state p on Ky, with all reduced quantum
state p. = p-w + (1 — p)I, for all edges e? This problem depends on the num-
ber of quantum systems N and their dimension d, and can be stated as the primal
semi-definite problem:

p(N,d) =max p
pp

st. pe=p-w+ (1 —p)l, for all edges e (4.1)
p=0.

4.3.1 Lower bound

A perfect matching on a graph is a set of edges, such that every vertex is
contained in exactly one of those edges.

Proposition 4.1. There are (2N — 1)!! perfect matchings on Koy, and if e is an
edge on Ky, then there are (2N — 3)!! perfect matchings on Kyy containing e.

Proof. Let ay be the number of perfect matching on Koy ; clearly a; = 1. Now
assume N > 1 and let v be a vertex in Kyy. This vertex can be matched with
2N —1 other vertices, let u be such other vertex matched with v. Remove v and
v from Ky, the resulting graph Koy \ {u,v} is the complete graph Kyy_1).
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Thus, by induction on N, the number of perfect matchings on K,y satisfies the
recursive relation:

anN = (2N — ].)CLN_l — anN = <2N — 1)”

Assume e = (u,v), thus the number of perfect matchings containing e is
the number of perfect matchings on Kon \ {u, v}, that is (2N — 3)!L.

I Remark. There is no perfect matching on Ky for odd N (see Figure 9).

N R

X

(a) K¢ (b) Ks

Figure 9 — Perfect matching B for complete graphs Ky, with
even N. For Ky with odd N, some vertices are not matched
.

A lower bound on the optimisation problem Fq. (4.1) would be the following. For
even N, let Ey, ..., Egv_1y be all the perfect matchings on K, and for each perfect
matching Ej, define the quantum state p*) on Ky by,

o = Q) we.
eckEy

For odd N, let v be vertex of Ky, and let E,1,..., E, (ny—2n be all the perfect
matchings on Ky \ {v}, define the quantum state p** on Ky by,

p(“’k) = ® we ® L,.

EEEv,k

That is a quantum state maximally entangled on the perfect matching edges, and
maximally mixed on the remaining vertex in the odd case. Let p be the quantum
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state defined on K, as a uniform combination of the previously constructed states:

1
N = — (k)
(V even) Y,
1<k<(N-)!!
1
. (v,k)
(V odd) N
veKpN
1<k<(N=-2)!

where the corresponding normalization factors can be found using Proposition 4.1.
Then for all edges e in Ky, the reduced quantum state p, is

B ﬁw + %I N even
Pe = %w + %I N odd.

The lower bound becomes

1

~ N even
p(N,d) > {ﬁv !

In particular, the lower bound is independent of the dimension d.

4.3.2 Symmetries

Since it is a complete graph, any permutation of the vertices of Ky is a graph
isomorphism. Let p be a quantum state on K such that for all edges e, the reduced
quantum state p, is,

pe=p-w+(1—p)L
Then p is invariant by vertex permutation, that is for all permutations o € Gy, the
equality

(o) p-(o) =p,
holds.

Recall that a maximally entangled state w is invariant by U @ U, for all unitary
matrix U, i.e. (U®U)-w = w. On the star graph Sy with central vertex v, a
quantum state p with reduced quantum states p. = p-w + (1 — p)I, for all edges e,
would be invariant under conjugation by U on v and U™~ on Sy \ {v}, i.e.

(U” @ (U®(N71)>SN\{1)}> a (UUT @ ((U*>®(N_1))SN\{U}) —
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But on the complete graph Ky, no distinct vertex can be chosen, instead, using
the invariant on a maximally entangled state by O ® O, for all orthogonal matrix
O € Oy ie. (O®O0) - -w = w, a quantum state p with reduced quantum states
pe =p-w+ (1 —p)I, for all edges e, is invariant under conjugation by O®"_ that is,

0N . p. (OT)*N = .

Hence, with respect to the optimisation problem FEq. (4.1), the two commutation
relations,

[p, a] =0, Vo € Gy (4.2)
[,0, O®N] =0, YO € Oy,.

hold for all N and d.

4.3.3 Dual sppP

The Lagrangian [BBV04] associated with the semi-definite problem FEq. (4.1) is
defined as,

L(p,p,he,Z) =p+ Z <he,pe—p~w+(1—p)1>+<Z,p>.

e edge

The min-max principle states that,
in L he, Z) < mi L(p,p,he, Z).
g e e 2) < pigmex Lp b, 2)
Then, the dual semi-definite problem of Fq. (4.1) is,

Te| 2 hewf™ )]

% L . e edge
p"(N, d) = max N
s.t. Z Tr [he - (w—1)] =1
e edge
Z+ Y he@l;¥P =0 z>0,

e edge

where for each edge e of Ky, the matrix h, € Mg is Hermitian, as well as the
matrix Z € My~v. Recall that for any Hermitian matrix M the smallest A € R such
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that A - I > M is equal to the largest eigenvalue of M. Then the dual optimization
problem can be simplified to,

N . ®(N—2)
p(N,d)—rr,lllen Amax( Z he ® I )

e edge

s.t. Z Tr [he-w] =1

e edge

Tr [he] =0, for all edges e.

From the commutation relation F¢. (4.3) applied to the dual optimization prob-
lem, define for all edge e, the twirled Hermitian matrix h,:

he = /O (0®0)(he)(OT®0OT) dO,

where the integral is taken with respect to the normalized Haar measure on the
orthogonal group O4. The constraints of the dual optimization problem are also
satisfied with h., and since by convexity of Ay,

/\max( Z he ®]§9(N—2)) > /\max( Z Tre ®I§’(N_2)),

e edge e edge

hence the dual optimization problem can be restricted to twirled 7Le.
The twirled h., commutes with all the orthogonal matrices O ® O, i.e. they are
in the commutant of the algebra

SpanC{O@)O’OEOd}.

From Theorem 1.3.3, the twirled ﬁe is in the complex algebra spanned by the tensor
representation of the Brauer monoid:

Spanc {¢(p) | p € By} .

Hence, the twirled Ee are a linear combination of the unormalized maximally mixed,
maximally entangled, and flip state:

Te = ae(d® - 1) + Bold - we) + 7e(d - F),
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. The dual optimization problem simplifies to,

subject to the constraint o, = __,862%

. . Be+ Ve, 1 B(N-2)
p(N.d) = min Am( > (P 1)+ Beld - w) +eld - F)) @

e edge

st @0 X a)+a-n( ¥ ) -d

e edge e edge

From the commutation relation Fq. (4.2), applied to the dual optimization prob-
lem, all the . and v, must be equal. Writing 3 := (. and v := 7, for all edges e, the
dual optimization problem simplifies further to

p*(N,d) = min Amax< > ( — ﬁ%”(cﬂ 1)+ B(d - we) +y(d - Fe)) ® 1§<N2>>
NV =D (52 — 1) +4(a—1)) = d.

t.
> 2

Using the constraint W(ﬁ(dz — 1) +7(d — 1)) = d to eliminate -, let the
function f be defined by f(z) == Apax(H (z)) with

10 = Y (o) (1) E)a((@F) () ) o152

e edge

Then the dual optimization problem becomes finally the minimization,
p*(N,d) = min f(z).

Recall from Theorem 1.2 that under the action of the tensor representation of
the symmetric group algebra Sy, the space of N-fold tensors over C? decomposes as

(Cd>®N: @ V;Bm7

NeIrr(G )

where Irr(Gy) = {)\ FN ‘ A < d}. Similarly, as a consequence of Theorem 1.3.3,
under the action of the tensor representation of the Brauer algebra By (d), the space
of N-fold tensors over C¢ decomposes as

@)™~ @ W

Xelrr(By (d))
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where Irt (By (d)) == {A\F N —2k | k € {0,..., [J]} and M + X < d} [Wensg]. Both
decompositions are indexed by some Young diagram .

Given a irreducible representation W)y, of the Brauer algebra By (d), the restriction
of W) to the symmetric group algebra Sy, as a subalgebra decompose into

Resgg(d)(w,\) ~ @ VmeA’”.

pelrr(Gy)

The multiplicities have no known concise formula. Even the explicit characterization
of the set (),

Q:={(\p) € ir(By(d)) x Irr(Sy) | ma, # 0},

is still unknown. However Okada [Okal6] characterizes it using an algorithm, and
found the subset [' C €,

= {(A,u) € Irr(BN(d)) x Irr(Sy) ’ A= (1"),r(u) = m for some m € {1, .. .,d}} ,

where 7(u) is the number of rows with odd size in the Young diagram u. Moreover
if ((1™),p) € Q then ((1™),p) €T

The content of a Young diagram A, denoted c()\), is the the sum of the entries
of the boxes of the Young tableau 7', where the entry of the box in row ¢ and column
j is given by j — i. For example if A := (3,3, 1), then

and the content of A is ¢(A) = 1.
The next lemmas describe how particular central elements of the symmetric group
Gy and the Brauer monoid By, act on their irreducible representations.

Lemma 4.2 ([DLS19]). Let V) be an irreducible representation of Sy, with
A € Irr(Sy), and define J an element of the symmetric group algebra Sy, by

Ti= Y (ij)

1<ij<N
Then the restriction of J on V) is the multiple of the identity,

J|V)\ :C()\)I
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Lemma 4.3 (|DLS19]). Let Wy be an irreducible representation of By(d), with
A € Ir(By(d)), and define J an element of the Brauer algebra By(d), by

J= Y (i) =G5,

1<ij<N

where (i §)T denotes the partial transposition of the diagram (i j). Then the
restriction of J on Wy is the multiple of the identity,

T, = (c(A) — k(d — 1)) - I.

Using Lemma 4.2, Lemma 4.3, the decomposition of the space of N-fold tensors
over C? under the action of the tensor representation of the Brauer algebra By (d),
and decomposing of the restriction of the irreducible representations of the Brauer
algebra By (d) to the symmetric group algebra Sy, the function f becomes,

flo) = max 2 ( O - 1) ¥ x(c(A) o) — hd— 1) - W)

N J/

f A::(UU)

where f () is an affine function. The dual optimization problem is then the mini-
mum value of the max over a set of affine functions, i.e.,

*(N,d) = mi . 4.4
P'(N.d) = min ma i, (x) (4.4

Case d > N or either d or N is even

An upper bound for the dual optimization problem Fq. (4.4), can be found by

setting x = m. Then Fq. (4.4) becomes, since z < 0,

2
)N(N—l)(l—d)(

p"(N,d) <  min
A€lrr (IBN (d)

c(\) — k(d — 1)).

Lemma 4.4. If d > N, or either d or N is even, then,

L if N is odd

——  if N is even.

p*(N,d) g{

N
N-1
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Proof. 1t is enough to prove that

A=dWV=D) i N is odd
min ¢\ —k(d—1) < (kd)fv

Aelrr (IBSN(d)) T if V is even,

If d > N, the minimization can be restricted to only single-column partitions
A= (1W=2M) for all k € {0,..., 5]}, which is always possible when d > N.
Let |A| == N — 2k, then

min = ¢(A) —k(d—1)< min c(l(N_Zk)) —k(d—1)

xetrr (B (d)) ke{0,..., [ X1}
AMOIA =1 N — |\
= min ——’ (X )—(d—l) Al
ke{0,..., | X1} 2 2
A=dW=1) it N is odd
2
@ if N is even.

Otherwise, if d is even, let k* = f%} = g. Then the single-column partition
A= (1V=2FRD)) satisfies M + Ay < d for all k € {0, ..., 5] — k*}, and,

min  ¢(A) —k(d—1) < min (AN — (k + k*)(d — 1)

/\EIrr(IBN(d)) k€{0,..., 5 |-k}
(=dN=1) it N is odd

if N is even.

The same result holds if NV is even.

Theorem 4.5. Ifd > N, or either d or N is even, then,

L if N is odd

N
1 . .
~v W N is even.

p*(N,d) :{



98 CHAPTER 4. EXTENDIBILITY

Proof. Using Section. 4.3.1 and Lemma. 4.4, the dual optimization problem is
lower and upper bounded by,

N
1

~—g if IV is even.

{i if N is odd

Case N > d and both d and N are odd

Let 7 == m, then the affine functions fy, of Iiq. (4.4) evaluated at the

negative coordinate & become,

Pal®) = 575 (ffé{fﬁ% - 1) +:E<C<A) Cde () — k(d—1) - w)

1
— +i-h(N),

n—1

where () is defined by h()) == 3 Z?:lo Ni(d— N, +2(i—1)). At this coordinate the

affine functions fy , do not depend on p anymore. Let g be the function defined by,
g(A) = fru (j)

The offsets of the affine functions fy, do not depend on A either. Let a be the

function defined by,
1 2d - c(p)
= —1].
alw) =75 (N(N — 1) >

IfN>d k= L#/dj and m = % mod d, let the two partitions A, Ay in

>
Irr(By(d)) and the three partitions pu, pio, pt3 in Irr(Sy) be defined by *,
)\1 = (1d) M1 = (N)
A= (1) po=(N—d+1,17) (4.5)
iy = (A2 m?).

Lemma 4.6. If N > d and both d and N are odd, then A1, us from Fq. (/.5)
satisfy

2d+2— N
g(M) —a(pe) = N_1

1. In the definition above, p3 is given using the column notation u5. Using the row notation it
becomes p3 = ((2k + 3)™, (2k 4+ 1)?=™): m rows of size (2k + 3) and d — m rows of size (2k + 1).
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In particular g(A\) < a(p2) if N > 2d+ 3, and g(\) > a(pe) if N < 2d+ 1.

Proof. The content of g is (N_d+;)(N_d) — d(dz_l). Also h(A1) =0, so g(\) =
ﬁ. Then

o) = ) = 1 — 77 (e 1)

N—1 d—1\n(n-1)

_ (N—d+1)(N—-d)—d(d-1) 1 1
= N(N - 1)(d-1) NS
_2d+2-N

~ N-1 °

Lemma 4.7. If N > d and both d and N are odd, then the partitions from
Eq. (4.5) satisfy (Mi, pj) € T', and the relations,

g(A) < g(X2) <g(\)  and  a(p) < a(m),

Jor all X # M, As in Irr(By(d)) and all p # p in Irr(Sy). Moreover for all
()\la,u) € Q;
a(p) < alpz)-

Proof. By definition of I', all (\;, p1;) are in I'.
Let A in Irr(By(d)) then

But since A| < d holds for all A in Irr(By(d)), then h(X) > 0. In particular,
h(X2) = &L, and h(A) = 0 iff A = \;. Assume there exists A in Irr(By(d))
such that

9(A2) < g(A) < g(h),

then necessarily the first term of h(\) is either () or h(A2), since it minimized
for the columns (1) and (1?¢). But since all the terms in h()\) are positive, then
either g(A) = g(A\1) or g(A) = g(Aa).
Because p; is the N-box Young diagram that maximizes the content func-
tion, then
a(p) < a(p),

for all p # py in Irr(Sy).
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Assume there exists p such that ()\1, ,u) € () and,

a(pz) < a(p) < a(p).

Since ((1%),p) € Q implies ((1%),) € T, then (A, ) € T, and by definition
r(pn) = d. Thus necessarily c¢(uz) < ¢(u), which implies that the first row of
(1o is of size at most n — d + 1. But the content of a Young diagram is a non-
increasing function of the first row’s size, i.e. given two Young diagrams A and
p with the same number of boxes; if ¢(\) < ¢(u) then Ay < py. Then ps and p
share the same first row, and ps = p.

Theorem 4.8. If N > d and both d and N are odd, then,

2d +1 1
2dN +1"N —1|°

p*(N, d) = min {

Proof. Let A, A2 and p1, p2, uz be the partitions from Fq. (4.5). Two cases are
considered in the proof, p*(N,d) = g(\1) when N > 2d + 3, and p*(IV, d) lies
at intersection of the affine functions fy, ,, and fy, 4, when N < 2d 41 (see

Fmgomy
c(ug):%i(—d(d;1)+(i—l)d>+ %f (—Wﬂi—nm)

=1
d(2k +1)(2k + 1 — d)

= 5 +m(4k + 4 —m),

1=2k+2

and N — d = 2kd + 2m with m € {0,...,d — 1}, then

1 1 2d - c(us3)
g(Al)—a(M3)—N_l_d—1<N(N—1) _1)

_ N(d+ N —2)—2d-c(ps3)
N(N -1)(d-1)
(d+2)(2m? — 2dm — N + dN)
N(N —-1)(d-1)
- (d+2)(—(d—=1)(d+1)/2+d(d - 1))
- N(N -1)(d-1)
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B (d+2)(d-1)
=N =D Y

where in the first inequality N > d was used, and that the minimum of 2m? —
2dm on the domain m € {0, ...,d — 1} is achieved for m = ©2. Geometrically
this means that the point (0, a(us)) is always lower than (Z, g(A1)).

Suppose that N > 2d + 3, then the relation

9(\1) < alpa),

holds by Lemma 4.6. Therefore p*(IN,d) > g(\;) since the optimal point should
be above the intersection of the affine functions f\, ,, and f\, ,, that is, above
g(M). But since g(A) < g(\) for all X in Irr(By(d)) by Lemma 4.7, it must
be p*(N, d) = g<>‘1)'

Suppose that N < 2d + 1, then the relation

a(p) < afps),

holds for all (A1, ) € ©Q, by Lemma 4.7. Then p*(N,d) lies above the affine
function fy, ,,. But g(A) < g(A1) for all X in Irr(By(d)), by Lemma 4.7, then
p*(N,d) must lies on the affine function fy, ,,, at the intersection with another
affine function f), with g(\) < a(p). Among all such affine functions there
are no functions with A = A; due to Lemma 4.7. Because g(A) < g(A2) for all
A # A1 in Irr(By(d)) and a(p) < a(p) for all p € Irr(Sy), by Lemma 4.7, it
must be that this function is fy,,,. Therefore p*(N,d) lies at intersection of
the affine functions f\, ,, and fy, ,,. In order to find the intersection of fy, .,
and fy, ., the equation fy, ,,(z*) = fi, ,(2*) must be solved, which gives
4

* d * __ 2d+1
" = Ty and p (N,d) = 2dz\?L+1'
In conclusion, when N > 2d+ 3 then p*(N, d) = ﬁ, and when N < 2d+1
then p*(N,d) = 22(;4;11’ which is equivalent to the statement of the theorem.

4.3.4 Optimal value

Using Theorem 4.5 and Theorem 4.8, the dual optimization problem Fq. (4.4)
has solution,

p*(N7d):{m if d > N or either d or N is even

min {22‘11\?11, ﬁ if N > d and both d and N are odd.
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Hence p*(N,d) is decreasing with respect to N, but is not monotonic with respect
to d.

Slater’s condition for strong duality of SDP holds true in this case, from Sec-
tion. 4.3.1, hence both optimal values of the optimization problem F¢. (4.1) and the
dual optimization problem Fq. (4.4) are equal, i.e. p(N,d) = p*(N,d). The first
values of p(N,d) are summarized in the following table (in O the values of p(N,d)
for which the isotropic states p. are separable):

Q.
=

3 4 ) 6 7 8 9
1/3 1/5 1/5 1/7 1/7 1/9
Vs Tz s Tlag 1y 1/g
1/3 1/5 1/5 1/7 1/7 1/9
s 151 15 1lf; /7 1l/g;
1/3 1/5 1/5 1/7 1/7 1/9
1/3 1/s s 5/33 17 15/197
Vs s 15 17 1 Uy
1/3 /5 1/s /7 L7 19/163

In general, it is not known which quantum state p gives the optimal value p(N, d),
but using the commutation relation Fq. (4.3), it must be in the algebra,

= —
= e
Ne

—_
~Z
w

= =
w W

© 00 J O Ot = W N
— = = ) = = N
~= ~=
w w
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~Z
w

Spang {¢(o) | c€By}.

For example when N = 3 and d = 3 the optimal quantum state p for the optimi-
sation problem Fq. (4.1) is:

]_ o o oy po oy ro o po oy _o o r® oy Lo D
p= [”" tottoc T3+ +Je+ 5t +26+5¢

- 57 o—o o/ \eo

r2(S G- 236 5 |



4.3. Kn-EXTENDIBILITY OF ISOTROPIC STATES 103

(a) N >2d+3 (b) N<2d+1

Figure 10 — The optimal value of the dual optimization problem lies at the
intersection of the set of affine functions f) ,(x). When N > 2d+3 (Figure 10a,
with N =9 and d = 3), then p*(N,d) = g(\1). When N < 2d+ 1 (Figure 10b,
with N = 5 and d = 3), then p*(N,d) lies at the intersection of fy, ,, and
farpe- In B the max over all affine functions, in @ the affine functions from the
set I', and in M the affine functions from the set 2\ I,
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This Appendix provides a comprehensive overview of the fundamental principles
of representation theory that are used throughout the present thesis. Its aim is
to focus primarily on the investigation of representations of finite groups, with a
specific emphasis on the symmetric group, and on those of infinite matrix groups,
with a specific emphasis on the unitary group.

The sections devoted to finite groups provide a complete set of proofs, while more
detailed treatments of the subject can be found in the books [FH13; Ser+77; Sagl3;
Jam06]. Regarding matrix groups, only the principal results are presented, with
books [GW09; HH13; BT13; Bak03; Bum-+04; Ada82; Sim96| serving as references
for the corresponding proofs. A thorough investigation of the representation theory
with a particular emphasis on its application in the domain of physics, may be found
in the books [Lan12; Boe+70; Zhe73; Ste95; Tun85].

An alternative approach to address the representations of the symmetric group,
which has been proposed by A. Okounkov and A. Vershik, can be found in [VOO5;
CST10].

A.1 Finite groups

A.1.1 Representations of finite groups

Let G be a finite group, a representation of G is a pair (p, V'), where V is a
complex vector space with dimension d and p : G — GL(V) is a group homomor-
phism, i.e. p(g-h) = p(g)p(h) holds for all g and h in G. Specifically, p satisfies
the condition p(1g) = I, where [ is the identity matrix on V. As a corollary of this
property, it follows that p(g’l) = p(g) ! for every g € G.

Consider two representations (p, V) and (o, W) of G, an intertwining map
between these representations is a linear map ¢ : V' — W that satisfies ¢ o p(g) =
o(g) o ¢ for all ¢ € G. If such a map is an isomorphism, then the representations
are said to be equivalent, and p(g) = ¢t o o(g) o ¢ for all g € G. The set of all
intertwining maps between (p, V') and (o, W) is denoted Hom, (1, 11), and forms a
complex vector space.

If (pv,V) is a representation of GG, then the dual representation (py«, V*) is
defined for all g € G by

pv-(9) =pv(g?),
where -7 denotes the transpose.

The natural bilinear pairing <-, > between complex vector spaces V and V* is
defined as <f,$> = f(z) for all z € V and f € V*. Then, the dual representation
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(pyv+, V*) preserves this natural bilinear pairing, specifically, <,0V* (9)f, pv(g)x> =
<f,x> holds for any g € G and for all x € V and f € V*.

Example. Consider a finite group G of order n, and let (p, V') be a representation
of G. Let g be an arbitrary element of G, and let A € GL(V') be the image of ¢
under p, i.e. p(g) = A. It follows that

A" = 1.

The characteristic polynomial X™ — 1 of A factors into n distinct eigenvalues,
which are the n-th roots of unity. As a result, it can be deduced that A is di-
agonalizable. Furthermore, if G is an abelian group, all of the matrices p(g) are
simultaneously diagonalizable. In Section A.1.2, the concept of block diagonal-
ization will be explored in the context of non-abelian groups.

Given a finite group G and a representation (p,V) of G, the complex vector
space V' is said to carry the representation p of G. For clarity, it is appropriate to
succinctly refer to the complex vector space V' as a representation of G when no
ambiguity surrounding the mapping p exists. For any ¢ € G and v € V| the action
of g on v can be denoted by ¢ - v, as a compact alternative to the expression p(g)(v).

Remark. The representation of a finite group G is a mapping of the group onto a
set of matrices that operate on a complex vector space V. This mapping preserves
the underlying structure of the group, such that the group law of G is equivalent
to matrix multiplication on V. As a result, the study of representations of G can
be approached using the mathematical framework of linear algebra, rather than
through direct examination of the group itself.

A.1.2 Reducibility

Let V be a representation of a finite group G, and let W be a subspace of V. If
W is invariant under G, that is to say, for all ¢ € G and w € W, the element g - w
belongs to W, then W is called a subrepresentation. If V possesses exactly two
distinct subrepresentations, namely the trivial zero subspace and V itself, then the
representation is said to be irreducible, otherwise the representation is considered
to be reducible.
Theorem A.1 (Maschke). Let V' be a representation of a finite group G, and
suppose that W is a subrepresentation of V. Then, there exists a complementary
subrepresentation W+ of V', such that V is the direct sum of W and W+, i.e.
V=WaoW
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Proof. Let <-, > be any Hermitian inner product on the complex vector space
V. The G-invariant Hermitian inner product <-, > o on V is defined by

<v,w>G::’—é|Z<g-v,g-w>.

geG

Then <g U, g - w>G = <v,w>G holds for any g € G.

Let Wt = {v eV ‘ <v,w>G =0 for all w € W} be the orthogonal com-
plement of W with respect to the inner product <~, > o 1t follows that
V =W @ W+. Furthermore, for any ¢ € G and for all v € W+ and w € W,
the G-invariance of <~, > o implies
(9- U’w>G = (v, 9" w>G =0,

as gt -w € W. Therefore g-v € W+ for all v € Wt and g € G, and thus W+
is a subrepresentation.

In accordance with Maschke’s Theorem A.1, it can be established that if a finite
group G possesses a reducible representation, it must necessarily be decomposed
into the direct sum of at least two subrepresentations. These subrepresentations
may in turn be further decomposed into further direct sums, if they are themselves
reducible. This process of decomposition may be repeated until the representation
is fully decomposed into the direct sum of irreducible representations of G. This
result holds true for any finite group and is referred to as the concept of complete
reducibility of finite groups.

Remark. Maschke’s Theorem A.1 asserts that for any finite group G and its
representation (p, V'), the matrices p(g) for all g € G are simultaneously block-
diagonalizable. Given the decomposition of the underlying complex vector space
Vinto V. = W @ W+, where W is a subrepresentation of V, it follows that for
each g € GG, the matrix p(g) block-diagonalizes as

p(g)z(pwo(g) ’ )

pw(g)

Here, pw(g) and pyi(g) are the restrictions of p(g) onto W and W+, re-
spectively. This result highlights the crucial property of simultaneously block-
diagonalizability of matrices in representation theory.
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Maschke’s Theorem A.1 plays a crucial role in the field of representation theory
of finite groups. The theorem states that every representation of a finite group can
be decomposed into a direct sum of irreducible representations. This implies that to
comprehend any representation of a finite group, it is sufficient to have a complete
understanding of its irreducible representations. This result leads to the fundamental
question of determining the number of irreducible representations for a given finite
group, which is addressed in Section A.1.3.

Lemma A.2 (Schur). If V and W are two irreducible representations of a finite
group G, and ¢ € Homg(V,W) is a nonzero intertwining map, then ¢ is an
isomorphism.

Proof. Let v € ker ¢, then for all ¢ € G, since ¢ is an intertwining map it
follows that
g-¢() =¢(g-v) =0.

Thus ker ¢ is a subrepresentation of V', and since V is irreducible and ¢ is
nonzero, necessarily ker ¢ = {0}. Therefore ¢ is injective.

Conversely, let v € V, then for all g € G, since ¢ is an intertwining map it
follows that

g-¢(v) =¢(g-v) € Im¢.

Thus Im ¢ is a subrepresentation of W, and since W is irreducible and ¢ is
nonzero, necessarily Im ¢ = W. Hence ¢ is surjective.

Schur’s Lemma A.2 is a foundational principle in the field of representation theory.
It has two particularly noteworthy implications for a finite group G.

Firstly, if V' is an irreducible representation of a G, and ¢ belongs to Homg(V),
then ¢ is a homothety, meaning that ¢ is proportional to the identity matrix, with
a scalar factor A € C, i.e.

d=\-1I.

Secondly, if V' is a representation of GG, there exists a unique decomposition of V'
into a direct sum of non-equivalent irreducible representations, expressed as

Ve Vime.. eV,
where n; is referred to as the multiplicity of the irreducible representation V;.

Remark. In the decomposition of complex vector space V as V ~ V""" @ ... @
V;B”’“, both the subspaces V; and the multiplicities n; are unique. However, it
must be noted that the direct sum decomposition of each V;*™ into n; copies of
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I V; is not guaranteed to be unique in general.

For any finite group G, there is a unique, up to isomorphism, representation
referred to as the trivial representation, which is invariant under the action of all
elements of G. This representation is characterized by the property that all elements
of G act as the identity. Furthermore, this representation is one-dimensional, and
thus irreducible.

Let V be a representation of G. The invariant subspace of V' with respect to G,
denoted as V;, can be defined as follows:

Ve ={veV]|g-v=vYgeG}.
Then Vg can be decomposed into a direct sum of irreducible representations. In par-

ticular, each summand of this direct sum is isomorphic to the trivial representation.

Proposition A.3. Let V be a representation of a finite group G. Consider the
map ¢ 'V — V defined as follows: for anyv €V,

1
¢(v) = @ng.

geG

Then ¢ is a projector onto V.

Proof. Let v € Vi, which implies that ¢(v) = v according to the definition of
V. As a result, Vo C Im¢. For any v € V, the action of any element g € G
on ¢(v) results in g - ¢(v) = ¢(v), thus Im ¢ C Vz. Furthermore, for all v € V|

¢o¢<v>=@22<g-h>-v

geG geqG

G|
“IoR 2!
geG

= ¢(v),

which implies that ¢ o ¢ = ¢.

A representation V' of a finite group G is considered to be unitary if there exists
a Hermitian inner product <-, > defined on V' such that the property of unitarity
is satisfied, that is, for all ¢ € G, it holds that <g U, g - v> = <u,v>. Given any

Hermitian inner product <-, > in V, a new Hermitian inner product < > ., can be
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defined on V as follows:

<UUG. |G|Z<g u, g - ’U>

geG

Then for all g € G, it holds that <g~u,g . U>G = <u,U>G.
representation of a finite group can be considered to be unitary with respect to <~, > a

This means that every

Example. Let G5 be the symmetric group over 3 elements, and V' be the complex
vector space C? with basis e;, es and e3. The natural representation of G3
associates each element o in &3 with its permutation matrix P,. This matrix
represents the permutation of the 3 coordinates of V' according to o. Then the
invariant subspace Vi, is the one-dimensional subspace:

Spang(1,1,1).

Let V be an irreducible representation of a finite group G, and consider any
nonzero vector v in V. It follows that v generates V under the action of G, that is,
G - v = V. Otherwise, if the orbit G - v were a proper subspace of V', then by the
definition of irreducibility, G - v would be an invariant subspace of V', contradicting
the assumption that V' is irreducible.

A.1.3 Character theory

Let (p, V) be a representation of a finite group G. The character of (p, V) is the
map Yy : G — C defined on g € G as follows:

xv(g) = Tr [p(g)]-

A class function on G is complex function f that remains constant on the conjugacy
classes of G, i.e. f(h - g - h’l) = f(g), for all g,h € G. The collection of all class
functions on G forms a complex vector space with dimension equal to the number of
conjugacy classes of G. Due to the cyclic property of the trace, the characters are
class functions. The concept of characters plays a central role in the representation
theory of finite groups. It provides a means of calculating important quantities, such
as the dimension of a representation. For instance, let V' be a representation of G,
and let ¢ be the projector onto Vi, defined in Proposition A.3; then yy(1lg) = dim V
and xy(¢) = dim Vi, where yy(¢) is defined linearly on each summand of ¢.
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Proposition A.4. Consider two representations, (py,V) and (pw,W), of a
finite group G. Then

Xvew = Xv + Xw, Xvew = Xv ' Xw, and Xy-= Xv,

where - denotes the complex conjugate.

Proof. Let g be in G. By the properties of the trace,

xvew(g) = Tr [ﬂv(g)} + Tr [PW(Q)}
xvew(9) = Tr [pv(g)] - Tr [pow(g)].

Then xv(g) = Tr [pv(g)] is the sum of the eigenvalues of the diagonalizable
pv(g). Furthermore, since the eigenvalues, \;, of py(g) are roots of unity, it

follows that the inverse of each eigenvalue is equal to its complex conjugate,
ie. A\;' = \. Finally

xv-(g) = Tr [pv (971)] = xv(g).

Corollary. Let (py,V) be a representations of a finite group G, then xv(g) =
xv(g?), forall g € G.

From the character of a tensor product and a dual space, the isomorphism
Hom(V, W) ~ V* @ W between two finite dimensional complex vector spaces V
and W, implies

XHom(V,W) = XV * XW-

Consider a finite group G and the set of class functions defined on it. Let the
Hermitian inner product < > ., on this set of class functions be defined as follows:
given two class functions f and g on G, then,

([,9)q = MZI’

geG

Theorem A.5. Given a finite group G, the characters of its irreducible repre-
sentations serve as an orthonormal basis for the space of class functions of G,

with respect to the Hermitian inner product <-, > a
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Proof. Let V and W be two irreducible representations of G. By Schur’s
Lemma A2, the dimension of Homg(V, W) is either 1 if V ~ W and 0 other-
wise. But the dimension of Homg(V, W) is also equal to the character of the
projector onto (V* ® W)G. That is

v (9) (g) = 1 ifVeW
|G| XVAG) X wAg) = 0 otherwise.
Thus the characters of the irreducible representations of G are orthonormal
with respect to the Hermtitan inner product <-, > -
Hence, the number of irreducible representations of GG is finite, and in fact
smaller than the number of conjugacy classes of G. Let (pw, Vi) denotes the
irreducible representations of GG, and xy, the corresponding characters. Define

V = Span {xv.},

the span of these characters over the field of complex numbers.
Let W be the complex vector space of all functions from G to C. The basis
of this complex vector space are the elements d,, where g € G, defined on all

h € G by
1 ifg=nh
0,(h) =
g( ) {0 otherwise.

Let g € G and define the representation of G on W by (g - f)(h) = f(g7' - h),
forall f e W and h € G.

Let f € V+ be a class function in the orthogonal complement of V, for all
irreducible representations V; of GG, define the linear map ¢; : V; — V; by

Zf
gEG

Let h € G, then since f is a class function it holds that

pvi(h7) - 63 - pyi (R |Zf pv (W g h)
geG
Zf (h-g-n7") - pri(9)
gEG

- ¢i7
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and in particular ¢; € Homg(V;). From Schur’s Lemma A.2 there exists A € C
such that ¢; = X - I, with the equality Tr [gbz] = A -dim V;, that is

AZWZJ[( g)- TY[PV( )}

Thus A = 0, since f € V*+. In particular, from the decomposition into a direct
sum of irreducible representations W ~ V"™ @& ... @ V,?"’“, it holds that

Zf (g 01) = |G,Zf

QEG geqG

= 0.

But since {59 } g€ G} forms a basis of W, necessarily f(g) = 0 for all g € G.
Thus V+ = {0}.

Corollary. Let V' be a representation of a finite group G. The representation
V' is irreducible if and only if <XV7XV>G = 1. Otherwise, V' decomposes into a
direct sum of irreducible representations V ~ V" @ ... @ Vk@"’“, with

k
<XV7XV>G = Zn? and <XV“ XV>G =n,.
i=1
In light of Theorem A5, it has been established that the cardinality of the set
of irreducible representations of a finite group is equal to the cardinality of the set
of conjugacy classes of this group. The orthogonality of characters of irreducible
representations of the finite group G serves as the foundation for constructing the
character table of GG, which assigns to each irreducible representation of G' a unique
collection of numbers, namely the characters of each conjugacy class of G. Addition-
ally, given a representation V' of a finite group, with its decomposition into a direct
sum of irreducible representations V ~ V"™ @ ... @ Vk@"’“, the character x; can be
used to determine the multiplicity n;, i.e., the number of times a particular irreducible
representation V; appears in the representation V.
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Despite Theorem A5, in general for a finite group G, there is no known corre-
spondence between the conjugacy classes of G and the irreducible representations of
G. However, in Section A.1.4, this correspondence will be explicitly demonstrated
for the specific case of the symmetric group &,,.

Consider a finite group G. The group algebra of G, denoted by C[(], is the
complex vector space with the elements of GG as its basis. The multiplication in
C|@G] is defined as the group law of G on the basis. The regular representation
of G is obtained by considering C[G] as a representation, where for all ¢ € G and
T =73 ,ccChn-han element of C[G], the action of g on = becomes,

g-x:Zch-(g-h) :Zc(ga.h)-h.

heG heG

Remark. In this formulation, the group G serves as both the complex vector
space of the representation as the group algebra, and the group homomorphism
through its group law.

Consider a finite group GG. For any element g € G, the action of ¢ on G through
the group law results in a bijective mapping. It follows that the regular representation
of ¢ has no fixed points except in the case where ¢ is the identity element 14 of
(G. Additionally, all elements of G in the regular representation are represented as
permutation matrices.

Proposition A.6. Let C[G] be the group algebra of a finite group G, and consider
ClG) = V" @ -+ @ V,Z™ its decomposition into a direct sum of irreducible
representations V; with multiplicities n;. Then for each irreducible representation
Vi, its multiplicity in C[G] is equal the dimension dim V;.

Proof. The character of g € G for the regular representation is equal to the
cardinality of the set of fixed points of the action of g on G, thus

G| ifg=1lc
0 otherwise.

xcie)(9) = {

Consider an irreducible representation V;, which appears in the decomposition
of the group algebra C[G] as follows: C[G] =2 V¥ @ --- @ V,*™ then

n; = <sz-, XC[G]>G
1
= Gl Z vi(9) - xcia(9)

geG
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1
= @Xvi(la) - xcia)(lc)

=dim V.

Corollary. Consider the group algebra C|G| of a finite group G, and its decompo-
sition into a direct sum of irreducible representations C[G] ~ V¥ @ - @ V2™,
Then, it follows that:

dim C[G] =) _ dim(V;).

The decomposition of the group algebra C[G] of a finite group G, into a direct
sum of irreducible representations is a powerful tool for understanding the structure
of finite groups, and the equation

C[G} ~ ‘/vl@dimvl DD Vk@dika’
provides important information about the size and multiplicity of irreducible repre-

sentations in the regular representation.

Theorem. Let C[G] denote the group algebra of a finite group G, and let C|G| ~
VE @ @ VE™ be the decomposition of C[G] into a direct sum of irreducible
representations. For each irreducible representation W of G, there exists an index
i€ {l,...,k} such that W is equivalent to V;.

Proof. Let U,V and W be three complex vector spaces of finite dimension, and
define the inclusion and projection maps

VEVeW =W,

Ly LW

onallveV and w € W by
v (v,w) — v tytv—v+0
w : (v, w) — w ty rw— 0+ w.

Now let G be a finite group, and assume that U,V and W are representa-
tions of G. Using the previous inclusion and projection maps, the following
isomorphisms holds:
Hom(U,V & W) ~ Hom(U, V) @ Hom(U, W)
Homg (U, V & W) ~ Homg(U, V) @ Homg (U, W).
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Then, in the decomposition of C[G] into a direct sum of irreducible repre-
sentations,

k
Homg (C[G], W) ~ € Home(V;, W)™,
=1

In particular, the equality of dimensions

k
dim Homg (C[G], W) = EBn, - dim Homg (V;, W),

=1

holds, and from the Schur’s Lemma A2 dim Homg(V;, W) = 1 if and only if
Vi ~ W, otherwise dim Homg(V;, W) = 0. It follows that the dimension of
Homg (C[G], W) is positive if and only if there exists an index i € {1,...,k}
such that the irreducible representation W is equivalent to V;.

Let f : Homg(C[G],W) — W be the linear map defined on h in
Homg (C[G], W) by f(h) = h(1lg), and let such h in Homg (C[G], W) satis-
fying f(h) = 0, then for all g € G,

h(g) = h(g-e)=g-h(e) =0,

thus f is injective. Let € W and consider the function h : G — W defined on
g € G by h(g) = g-z, thus h can be extended linearly on C[G], and in particular
h € Homg(C[G], W), but since f(h) = z, then f is surjective. Therefore f is
an isomorphism and the equality of dimensions

dim Hom¢ (C[G], W) = dim W,
holds. In particular dim Homg (C[G], W) is positive.

The group algebra C[G], of a finite group G, provides a unified way to study the
representations of GG by encapsulating all the irreducible representations within its
structure.

Example. As established in Theorem A.5, the number of irreducible represen-
tations of &3 is equal to the number of its conjugacy classes, in the present case
3. These three irreducible representations consist of the trivial representation,
the sign representation, and the standard representation. The sign rep-
resentation is the one-dimensional representation on which any ¢ € G35 is sent
to sign(o), where sign(o) is the signature of the permutation 0. The standard
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representation is the two-dimensional orthogonal complement of Spang(1,1,1)
in the natural representation. Then

(C [63] =~ ‘/trivial > ‘/sign S ‘/;%andard'

The character table of &3 is defined as the table with the irreducible represen-
tations of &3 as its rows, and the conjugacy classes of G3 as its columns. The
entries in the table are the character values for the corresponding irreducible
representations and conjugacy classes of G3. The conjugacy classes of &3 are
{1e,},{(12),(13),(23)} and {(123),(321)}. The character table of S be-

comes:
S; | {ls,} {(12),(13),(23)} {(123),(321)}
Xtrivial 1 1 1
Xsign 1 -1 1
Xstandard 2 0 -1

Note that as expected from Theorem A5, the rows are orthogonal, with respect
to Hermitian inner product <-, > o

Similarly to Propositition A.3, given a finite group G, it is possible to define a
projector onto each direct sum of equivalent irreducible representations V;*™ that
appears in the decomposition of its group algebra, C[G], into a direct sum of ir-
reducible representations, C[G] ~ V¥ @ --- @ V"™, The direct sum of equiv-
alent irreducible representations V;@”i, in the decomposition of its group algebra

ClG) = VE" @ - @ V,Z™ are called the isotypic components,

Theorem A.7. Given a finite group G and its group algebra C[G| decomposed
into a direct sum of irreducible representations C[G] ~ V¥ @ -+ @ V;Z™ for
each irreducible representation V;, let the map ¢;, defined on C|G| by

dim V; B
¢; = lel ZX%(Q) 9.
geG

Then ¢; is a projector onto V,°™.

Proof. Let h € GG, then since yy; is a class function it holds that

dim V; _ :
Mg b= Set Do) (g0 h)

geG
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dV
- D xv(hog-h) g

| geG

= ¢i7

and in particular ¢; € Homg (C[G]) Consider the decomposition of the group
algebra C[G] into a direct sum of irreducible representations C[G] ~ V"™ &

@ VE™ for all j € {1,...,k}, from Schur’s Lemma A.2, the restriction of
¢; to V; is an homothety A - I, with A € C, such that from Theorem A.5

dlm Vi
A= |G| - dim V; 1% Z Xvilg (9)

d1m Vi
d1m 1%

_{1 if V=V

<XVaXV>

0 otherwise.

Thus, the restriction of ¢; to V; is the identity if V; is equivalent to V;, and
the zero map otherwise. But, since V; is a representation, for all g € G, the
action of g on Vj is a subspace of V. That is, the map ¢; does not cause any
intertwining between the representations V;.

As a consequence, ¢; is the identity on Vi@”" and the zero map on V;-@nj such
that 7 # j, and thus ¢; is a projector.

A.1.4 Representations of G,

The symmetric group, denoted as &,,, is the group of order n! consisting of
permutations of the set {1,...,n}, as illustrated in previous examples. The cyclic
notation convention is employed throughout this thesis. For instance, (12 3)(4 5)

indicates the permutation
1 23 45
2315 4)°

of &5. According to Theorem A.5, the number of irreducible representations of a
finite group G is equal to the number of conjugacy classes in G. For the symmetric
group G,,, the conjugacy class of a permutation is uniquely determined by the length
of its decomposition into a product of disjoint cycles, which is referred to as the
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cycle type of the permutation. The cycle type of a permutation can be described
by an integer partition of n, where each part represents the length of a cycle in the
permutation. For instance, the permutation (12 3)(4 5) in &5 has cycle type (3,2).
It is worth noting that this justifies the use of cyclic notation in this thesis.

The notation A\ = 7 is used to represent an ordered partition of the positive integer
n into [ parts, denoted by A = (Aq,..., ;). This partition is defined as a collection
of non-increasing positive integers that sum up to n, i.e.

A > N2>1 and Z/\i:n’

A partition A F n may be represented as a Young diagram, which is a collection
of n empty boxes arranged in left-justified rows such that the i-th row contains \;
boxes. This representation is illustrated in Example A.8. The conjugate of the
partition A, denoted )\, is the partition corresponding to transposing the Young
diagram representing \. A Young tableau is a Young diagram where each box is
assigned an integer between 1 and n. A Young tableau is classified as standard if
the entries in each row and each column are strictly increasing, semistandard if the
entries in each row are weakly increasing and the entries in each column are strictly
increasing, and without repetitions if each entry appears exactly once. Notably,
standard Young tableaux are without repetitions. The canonical Young tableau
is a Young diagram that is filled with consecutive integers from left to right and top
to bottom.

Example A.8. Consider the permutation 0 € Sy, expressed as a product of
disjoint cycles, arranged in non-increasing order, by (123 4)(56 7)(8)(9). The
cycle type of ¢ is the partition A - 9 given by A = (4,3, 1,1), where the i-th entry
of A denotes the length of the i-th cycle in the disjoint cycle decomposition of
o. Moreover, the partition A can be represented using a Young diagram, which
consists of 4 rows with 4, 3, 1, and 1 boxes, respectively

The conjugate of the partition A, namely ) is represented using a Young diagram,
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which consists of 4 rows with 4, 2, 2 and 1 boxes, respectively:

Two instances of Young tableaux that correspond to the partition A\ are provided
as examples

314

1 2134
2134
3

and

Ol =~ W+

4

The previous Young tableau presented on the left satisfies the standard definition,
whereas the one on the right solely complies with the semistandard definition,
primarily due to the weakly increasing gray box. Neither of them adheres to
the requirement of being without repetitions. For the partition A, the canonical
Young tableau can be expressed as follows

314

QO | oo ot —

It is both standard and thus without repetition.

Consider a partition A F n and a Young tableau T without repetitions, on this
partition. An action of the symmetric group &,, on the Young tableau 7T is defined as
follows: given a permutation o € &,,, the action of o on T is obtained by permuting
the boxes in T according to the permutation induced by the entries of the boxes. For
o € S, the action of o on 7T is denoted by (7).

A permutation ¢ in G,, is said to preserve each row of T' if each box of a given
row is permuted by ¢ on that same row. Similarly, a permutation ¢ in &,, is said to
preserve each column of 7' if each box of a given column is permuted by ¢ on that
same column. Two subgroups of G,, can be defined as the sets of permutations that
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preserve the rows and columns of 7', namely,

Ry = {0 €6, } o preserves each row of T}

Cr = {0 €6, } o preserves each column of T} :

Consider two elements of the group algebra C [Gn] , the row and column symmetrizers
of a given Young tableau T'; defined as follows:

ro = E o

oc€Rp

or = Z sign(o) - o.

oeCrp

The Young symmetrizer associated with a given Young tableau 7' is an element
sy of (C[Gn}, defined as the product of the row and column symmetrizers of T, i.e.
st = rp-cp. It is worth noting that the row and column symmetrizers satisfy certain
properties under the action of the symmetric group &,,. Specifically, for any 0 € &,,,

o-rp-ot= rery and o-cp- ol = Co(T)-

As a consequence, it follows that o - sp -0t = S0(T)-

Example. Consider a partition A = 3. When A = (3). In the case where A = (3),
the associated canonical Young tableau 7' is a single row with entries 1, 2, and 3

T'=|1|21]3

As the identity permutation is the unique element of &3 that leaves each column
of T unchanged, the Young symmetrizer can be expressed as

In the case where A = (1,1,1), the associated canonical Young tableau T is a
single column with entries 1, 2, and 3

T —
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As the identity permutation is the unique element of &3 that leaves each row of
T unchanged, the Young symmetrizer can be expressed as

The two preceding Young symmetrizers correspond, to within a constant factor
of %, to the projectors onto the irreducible representations Vi;ivia and Vg, in the
decomposition of C [65} into a direct sum of irreducible representations:

C [63] =~ V;rivial S ‘/sign ©® Vvs%andard’
as established by Theorem A.7.

In order to obtain a comprehensive collection of inequivalent irreducible represen-
tations of the symmetric group &, it is necessary to first establish several requisite

technical lemmas.
Lemma A.9. Let A = n be a partition of n, let T be a Young tableau on A

without repetitions, and let x € C[Gn]. Then, there exists p € C such that the
following equation holds: st -x-sp = - sr.

Proof. To begin, it will be proven that if an element y € (C[Gn] satisfies the
condition o -y - 7 = sign(7) - y, for all permutations o € Ry and 7 € Cr, then
it follows that y = p - sp, for some scalar 4 € C. Consider such an element
Y =) rce, Cn T of the group algebra C [Gn} , then for all permutations o € Ry
and 7 € Cr,

0-(Zcﬂ-7r)-T: Y r(o-m-T)=sign(r) Y cpem

TI'EGn TI'EGn TI'GGn

This implies that, ¢(g.r.r) = sign(7) - ¢, for all permutation 7 € &,. Then in
particular case if the identity permutation, c(,.r) = sign(7) - 15, , and

Z Cory - (0 T) =1, - Z sign(r) - (o - 1)

oc€RT o€RT
’TECT ’TGCT

= ClGn * ST.
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Assuming that ¢, = 0 when 7 & {(0 - T) ‘ o€ Rrand 7 € C’T}, and given
that Rr N Cp = {1Gn}, it follows that y = Cle, ° ST- Consider a permutation
T & {(0 - T) | 0 € Ry and 7 € C’T}, and suppose that there exist no distinct
i,j € {1,...,n} such that ¢ and j belong to the same row of 7" and the same
column of 7(7T'). Then, all entries in the first row of 7" must appear in distinct
columns of 7(7T). Hence, there exist two permutations o € Ry and 7 € Cm(T)
such that the first row of o(T") and (7 - 7)(T) are identical. By iterating this
process on the remaining rows of T, it follows that there exist two permutations
o € Ry and 7 € Crp) such that o(T) = (7-7)(T). Consequently o = 7 -7 and
T e {(a - T) ‘ oc€ Rrand e CT} since Cr(py = 7 - Cp - 1. Therefore, there
exists a transposition (ij) € Ry NCrr), and in particular (i j) € Crr). Hence,
(ij)=m-7 7" for some permutation 7 € C7, then equality
e, = (17) - (15) = (ij) 77 7,

holds, and finally 7 = (i j)-m-7. Now since (ij) € Ry and ¢(g.n.r) = sign(7) - ¢z
for all permutations o € Ry, 7 € Cp and 7 € G,,, it holds that

Cr = C((i)77)
— sign((z’j)) < Cp

= —Cg,

which implies that ¢, =0 when 7 € {(c - 7) | 0 € Ry and 7 € Cr}.
Let 0 € Ry and 7 € C7, then, the following equations hold:

o-rp=rp-oc=rr and T-cpr=cp-T=-sign(7) - cr.

Additionally o -sp -7 = sign(7) - sp. Furthermore, for y an element of the group
algebra C [Gn}, it follows that

o-rp-y-cr-T =sign(r) - rr-y-op.

It is inferred that there exists a y € C for which the equality r¢-y-cpr = - sp
holds. Furthermore, when y =cp - x - rp,

S-S =T -Cr-X T -Cp = U-*ST.
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Corollary. Given a partition X = n, and an arbitrary Young tableau T on A
without repetitions, the product of the corresponding Young symmetrizer sy is
nonzero, i.e. st - st # 0.

Lemma A.10. Let A+ n and p = n be two distinct partitions of n, let T\ and
T,, be two Young tableaux without repetitions on partitions A and i, respectively,
and let x € (C[Gn}. Then sg, - x - sp, = 0.

Proof. Tt is possible to assert, without loss of generality, that by interchanging
A and g, there is a k € {1,...,n} for which Ay > g holds, and for all i €
{1,...,k — 1}, the equalities A\ = p, holds.

Suppose that there exists no pair of distinct indices i,5 € {1,...,n} such
that ¢ and j occupy the same row in T} and the same column in 7),. Under this
condition, it follows that every element within the first row of T) occupies a
unique column within 7,,. When k > 1, there exist two permutations o € Ry,
and 7 € Cr, such that o(T)) and 7(7},) have identical first rows. By iteratively
applying this procedure to the first k& — 1 rows of T\ and T}, it follows that
there exist two permutations o € Ry, and 7 € Cp, such that o(7y) and 7(7},)
have the same first £ — 1 rows.

The equality Ax > 0 holds, otherwise A\ = u. Consequently, the k-th row of
o (7)) contains Ay, entries, which appear in \;, distinct columns of 7(7},), and are
located between the k-th and n-th rows of 7(7),). However, this arrangement
cannot occur since Ay > py. Therefore, there exists a transposition (i j) €
Ry, N Cr, such that

(ij)-rry=rn, and cp, - (1j) = —cr,.

Furthermore, since (i j) - (¢ j) is the identity element in the symmetric group
S, then

cr, T, = o, - (¢7) - (4 J) - o, = —cx, - Ty,

which implies that cg, - rp, = 0.

Let o be an element of the symmetric group &,. Then cp, -0 -1, - ol =
cr, - To(ry) = 0, as the previous equality is independent of the entries of T).
Thus, it follows that cz, -0 -7, = 0 for any permutation o € &,,. Consequently
for all z € (C[Gn} it follows that cz, - - rr, = 0 and also sz, - = - s, = 0.

Corollary. Given two distinct partitions A\ = n and p = n, and two arbitrary
Young tableaux without repetitions on partitions X\ and p, respectively, the product
of the corresponding Young symmetrizers st, and s, is zero, i.e. st, - s, = 0.
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Let A = n be a partition of n, and let T be a Young tableau on A without
repetitions. The operation of right multiplication by the Young symmetrizer sr
on the group algebra C[Gn], ie., C[Gn] - s, defines a complex vector space that
constitutes a representation of the symmetric group &,, through its left action on
this space.

Lemma A.11. For any partition A = n, and any Young tableau T on A without
repetitions, the representation C[Gn} - st s an irreducible representation of the
symmetric group S,,.

Proof. Consider two permutations ¢ € Ry and 7 € Cp. Then, their product
o -7 is equal to the identity element 1g  if and only if both o and 7 are equal to
lg, . This equivalence is due to the fact that Ry N Cr = {lgn}. Consequently
s # 0 and (C[Gn} - ST 1S nonzero.

Consider V' as a subrepresentation of C[Gn] - 87, then using Lemma A.9,
for all x € V' there exists a scalar ; € C such that sy -x = p - sp. Thus

sp-VCC-sp.

Since C - sy has dimension one, the subspace sr - V is either equal to C - sp
or to the zero space {0}. In the former case, the inclusion C[Gn] sy VCV
follows, since V' is a representation of the symmetric group &,,, and the equality
V=C [GR] - st holds. Similarly, in the latter case, since V is a representation
of the symmetric group &,,, the inclusion V' -V C V holds. Moreover, as V'
is a subrepresentation of C[Gn] - s, ie, V C (C[Gn] - s, it follows that the
product of C[Gn} - sy and V yields the trivial space {0}, and the product of
V with itself also yields {0}, namely C[&,] - sy- V = {0} and V - V = {0}.
Consider an element x in the subrepresentation V', defined as x := Zﬂegn Cr*T.
The adjoint of x, denoted as x*, is defined by

¥ = E G, ol
O'EGTL

Then both z* and x - * belong to V. As V- V' = {0} it follows that x - z* = 0.
Consequently, for all permutations o € &,, it holds that ¢, -z* = 0. In particular

Therefore z = 0, and thus V' = {0}.
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Lemma A.12. For every partition A = n, every Young tableau T on A without
repetitions, and every permutation o in the symmetric group S,,, the represen-
tations C[C")n] - s and (C[Gn} * So(1) are equivalent.

Proof. Consider the linear map ¢ from (C[Gn - st to (C[Gn} - 8q(7)- Given
T € C[Gn} - s7, with x = y - s7 for some y € C (‘571], then ¢ is defined on x by
d(x) = x -0 !. Observe that

It follows that ¢(z) belongs to (C[Gn] - Sq(1), and that ¢ is an isomorphism.
Consider a permutation 7 € &,, and x is an element of C[Gn} - s7. Then,
it follows that

po(t-z)=717-2-0"

=70 ¢(2),
and hence ¢ satisfies the property of being intertwining.

Lemma A.13. Let AFn and pt n be two distinct partitions of n. Let T\ and
T,, be two Young tableaux without repetitions on partitions A and i, respectively.
Then, the two representations C[@n} - s, and (C[Gn} - 87, are inequivalent.

Proof. According to Lemma A.9, it follows that the left action of the Young
symmetrizer sz, on (C[Gn} - 7, Tesults in

ST, -C[GS,J 87, =C-s7,.

However, from Lemma A.10, the left action of the Young symmetrizer sy, on
(C[Gn] - 87, 1s zero, i.e.

STH : C[Gn} c STy, = 0.
As a consequence, two irreducible representations C [Gn} sy, and C [G,J + 8T,
are not isomorphic, hence not equivalent.

From Lemma A.12, for a given partition A - n, the representations (C[G,J - S
of the symmetric group &,,, are mutually equivalent across all Young tableaux 7" on
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A without repetition, thereby solely dependent on A, and consequently, it is possible
to designate any representation of this type as V).

Theorem A.14. All irreducible representations of &,, can be expressed as Vy for
some partition A - n.

Proof. The irreducibility of the representation V) is guaranteed for any par-
tition A F n, as stated in Lemma A.11. It follows from Lemma A.12 and
Lemma A.13 that the number of inequivalent irreducible representations V) for
some partitions A F n is equivalent to the number of conjugacy classes of the
symmetric group &,,. This number, as stated in Theorem A5, corresponds to
the number of irreducible representations of &,,.

The Proposition A.6 establishes that upon decomposing the group algebra C [Gn}
into a direct sum of irreducible representations, namely C [Gn} ~ Vg V,fa”’“,
the dimension of each irreducible representation V; coincides with its multiplicity n;.

Theorem A.15. Consider a partition A = n. Let V) be the corresponding irre-
ducible representation of a symmetric group S,,. The dimension of V) is equiv-
alent to the cardinality of the set of standard Young tableaux associated with \.

Proof. Consider a partition A - n and let f(\) denote the number of stan-
dard Young tableaux associated with A\. The standard Young tableaux on this
partition can be ordered lexicographically based on their entries. Specifically,
let T, T5, ..., Ty be the standard Young tableaux on this partition, ordered
such that T; < Tj if and only if the entries of 7; are smaller in lexicographic
order than those of T}, from left to right and top to bottom. Note that the
first tableau in this order, denoted by 77, is the canonical Young tableau on
this partition.

Let ¢ and j be arbitrary elements of {1, e f()\)}, with ¢ < j. Further,
let k& and [ denote the first row and column, respectively, at which the two
standard Young tableaux 7; and T} differ, proceeding from left to right and top
to bottom. Notably, & and [ cannot be the first row or column, respectively,
since the Young tableaux are standard. Let a denote the entry of T; located
in the k-th row and [-th column, and b denote the entry of 7} located in the
same position.Given that ¢ < j and 7; and 7} are standard Young tableaux, it
follows that a < b. Let m and n denote the row and column, respectively, of
the entry a in Tj. By virtue of 7} being a standard Young tableau, it cannot
hold that m > k and n > [, as the entries of T} in rows greater than k and
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columns greater than [ are strictly larger than b. Furthermore, it cannot be
the case that m < k, or that m = k and n < [, since T; and 7} coincide on
these rows and columns. Lastly, it cannot hold that m = &k and n > [, as Tj is
a standard Young tableau and a < b. Thus m > k and n < [ hold necessarily.
Notably, the entries located on the k-th row and n-th column of both 7; and
T; are equal and denoted by c. Consequently, the transposition (a c¢) belongs
to Ry, N Cr;, since a and c¢ share the same k-th row of T; and the same n-th
column of 7. Then, the equations

(ac)-rr, =7, and cr - (ac) = —cg,

hold. Moreover, as (a ¢) - (a ¢) yields the identity element in the symmetric
group G,

St; ST, = T1; - C1y - T, * C1;)
=rg-cr - (ac)-(ac) ro - cp

— _STj © STy,

implying that sz, - s, = 0.

From Lemma A.12, the irreducible representations C [G,J -s7, and C [6,1} .
st, are equivalent for all i, 5 € {1,..., f(A\)}. Let 2y, zs, ...,z denote certain
elements of the group algebra C [Gn}, such that

fN)
Z z; - s, = 0.
i=1

By applying the result of Lemma A.9 and observing that 77 < 7T; for all
1€ {1, e ,f()\)}, the existence of a nonzero p € C is established, such that
Zf:(’}) x; - S, - Sy, = [ - T1 - Sy, which further implies that x; = 0. Right
multiplication on both sides of the equation with sz, yields z; = 0 for all
i€ {1, . f()\)} Consequently, dim V, > f(A).

Consider a Young diagram A. Let p be another Young diagram obtained by
either removing a single box from A, denoted as 4 = A — 1, or adding a single
box to A, denoted as g = A+ 1. Then f(\) can be expressed as the sum of
f(p) for all possible Young diagrams p obtained by removing a single box from

A, l.e.
F = flw).

p=A—1
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The proof of the identity (n + 1)f(A) = >_,_,,, f(1) shall be established

through induction on n. The base case n = 0 holds, as f((0)) = f((1)). For
the inductive step, assume n > 0, it follows that

(n+1fA)=n-fA)+ f(N)
=n >  fu)+ [

=Y D fW+ 1,

pu=A—1v=p+1

wherein the second summand enumerates partitions v = n. There exist two
distinct cases, namely v = XA and v # A. Consider the sets Ay and \_, defined
as follows:

)\+:{,u|,u:>\+1}
)\_:{,u|,u:)\—1}.

It is worth noting that for each box within a given Young diagram that may
be extracted such that it does not alter its validity as a Young diagram, a box
can be added to the next row of the Young diagram. Furthermore, it is always
possible to add a box to the first row of the Young diagram. As a result, it
follows that A, = A_ + 1. The occurrence of the first case, where v = A, is
equal to the cardinality of the set A_, namely |[A_|. Thus

Yo D @i =) > f@) (Al + 1)

p=A—1v=p+1 p=A—1v=p+1
VFEA

= Z Z f@)+ A4l fF(A)

M:)\-‘rl l/=,u71

[N
= > > fw)

pu=A+1rv=p—1

= > flw),

p=A+1

concluding the induction proof.

The formula Y, f(A\)? = n! shall also be established through induction
on n. As the base case, it is observed that f ((O)) =1, and hence the formula
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is verified for n = 0. For the inductive step, suppose n > 0, then

D=0 fNf(w)

AFn AFn p=A—1

= > D W

A (n—1) p=A+1

concluding the induction proof.

According to Proposition A.6 the following equation is satisfied:
>, dim(Vy)? = nl. However, for all partitions A F n, it is true that
dim V), > f(A). Hence, dim V), = f(\).

Example. There exist three partitions of 3, which are denoted as (3), (2,1) and
(1,1,1). Each partition has a corresponding Young diagram

(3) 21 1L

For the partitions (3) and (1,1, 1), there exists only one standard Young tableau,
which corresponds to the canonical Young tableau

11213 and

However the partition (2, 1) admits a pair of distinct standard Young tableaux,
denoted as follows

2 113
and
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From Theorem A.15, it follows that the irreducible representations V'(3) and
Vii,1), of &3, have dimension 1, while V(5;) has dimension 2, as expected.
The determination of the irreducible representations of &3 corresponding to the
canonical Young tableaux T3y, T(2 1), and T(; 1) necessitates an examination of
their respective Young symmetrizers STi3)s STpy 1 1) and STigy)- This examination is
conducted in conjunction with the construction of V)’s From Theorem A.14,

C[6s] - 57, = C[63] - (1ey +(12) + (13) +(23) 23)+(321))
C[Ss] - s7,,,, = C[6s] - (ley — (12) = (13) = (23) + (123) + (321))
C[&s] - 515, = C[63] - (Te, +(12) = (13) +(321)).

+

The action of the symmetric group &3 on the irreducible representation C[&,] -
5T, yields a trivial action. It follows that V() is equivalent to Visyia, while the
irreducible representations V(; 1 1) and V(2 1) are necessarily equivalent to Vg, and
Vitandard, Tespectively.

Let C [Gn] ~ V" @ ... @ V™ be the decomposition the group algebra C [Gn}
of the symmetric group &,, into a direct sum of irreducible representations. By
Theorem A.7 the projectors onto the isotypic components V;*™ are given by

¢; = dim Y. xwlo)-o

n!
O’EGn

Theorem. Let the group algebra (C[Gn] of the symmetric group S, and
its decomposition into a direct sum of irreducible representations (C[Gn] ~
D, V/\@"A. For each partition A - n, the map ¢, defined on (C[Gn} by

dim V;
¢>\ = A Z ST,

n!
T

where the sum s taken over all Young tableaux without repetitions on A, is the
projector onto V"™

Proof. Let 0 € &,,, then
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and in hence ) . sr € Homsg, (C [6n]> Consider the decomposition of the

group algebra C [GH] of the symmetric group &,, into a direct sum of irreducible
representations C [6,1} ~Pin V/\@”*, for all u - n partition of n, from Schur’s
Lemma A.2, the restriction of > .. sy to V), is an homothety X - I, with A € C.
From Lemma A.10, if A and p are distinct, then for all z € V,,

ZST-xzo,

T

and thus the restriction of ), sy to V), is the zero map. Let T) be any Young
tableau without repetitions on A, then the coefficient of 1g, in sz, is 1, since

RrNnCrp = {1Gn}, and thus Tr [ZT ST} = n!l. So the restriction of ) . sr to

V), is the homothety
n!
. 1
dim V,,
As a consequence, since y . sy does not cause any intertwining between
the representations V), the map ¢, is the identity on V/\@”A and the zero map
elsewhere, and thus is a projector.

In the previous section, the complex vector spaces associated with the irreducible
representations of the symmetric group &,, were discussed. However, the corre-
sponding matrices representing the permutation elements were not described. The
construction of such matrices is far from trivial, and in fact, there exist a variety of
constructions that may be employed based on the desired properties of the resulting
matrices, i.e. integer matrix components, rational matrix components, or orthogonal
matrices.

A.1.5 Restricted and induced representations

The present Section concerns the correlation existing between a finite group G
and a subgroup H. Can a representation of H be derived from a representation
of G or vice versa? Furthermore, if the original representation is irreducible, what
conclusions can be drawn concerning the derived representation?

Consider a representation (p, V') of a finite group G, and let H be a subgroup
of G. Given an element h € H, it is worth noting that H is a subgroup of G and
hence h € G. Furthermore, as the representation p induces an action of G on V, it
follows that the action of p also restricts to only elements h € H. The restricted
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representation of (p, V) on the subgroup H is denoted (Res((p),)) and defined
on the element h € H as follows:

Resf; (p)(h) = p(h).

In the case where (p, V') is an irreducible representation of the group G, it is not
always the case that the complex vector space V' manifests irreducibility as a repre-
sentation of a subgroup H. This can occur when the size of V' becomes too large to
maintain irreducibility with respect to the smaller subgroup H.

If x is the character of the representation (p, V') of G, the restricted character
of the representation Res%(p), denoted Res(y), becomes Res$(x)(h) = x(h), for
all h € H.

Example. Let S, be the group of all permutations of {1,2,3,4}. From Scc-
tion A.1.4, the symmetric group &, has 5 conjugacy classes, and consequently 5
irreducible representations, namely

V(4)> V(3,1), V(2,2), V(2,1,1) and V(1,1,1,1)-

Let D, be the dihedral group of order 8, whose elements are the symmetries
of the square, generated by the 7 counterclockwise rotation r and the vertical
reflection s:

Dy = (rs) = {1D4,r, r2, 13, s, sr, 37’2,37’3}.

It has 5 conjugacy classes, which are given by

{1D4}7 {7”,7"3}, {7‘2}, {ST’,ST3} and {S,S’f’2},

and as many irreducible representations: Wy, Wy, W3, W, and W5. Then charac-
ter table of D, can be expressed as follows

Dy {1D4} {7“, r3} {7“2} {37’, STS} {3,37’2}
XW, 1 1 1 1 1
XWo 1 -1 1 -1 1
XWs 1 -1 1 1 -1
XW, 1 1 1 -1 -1
XWs 2 0 —2 0 0

As can be inferred from Theorem A5, the rows exhibit orthogonality with respect
to the Hermitian inner product <-, > D By indexing the vertices of the square
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counterclockwise with 1, 2, 3 and 4, starting from upper left corner, i.e.
1 4
2 3

the group D, can be made a subgroup of &,, where the 8 symmetries of the
square become,

(1)(2)(3)(4) | identity
(1,2,3, 7 counterclockwise rotation
2

> 0 s s

—~
~—
~—~

N N S S

e counterclockwise rotation
3 counterclockwise rotation

w
w0 W

(1,2)(3, \;Lertical reflection

(1,4)(2, horizontal reflection
(1,3)(2)( main diagonal reflection
(2,4)(1)(3) | secondary diagonal reflection

In the general case, the restricted representations Resgi (V) of Dy, for every
partition A F 4, do not constitute irreducible representations. According to
Maschke’s Theorem A1, these representations can be decomposed into a direct
sum of irreducible representations. Specifically,

Resgi (‘/(4)) ~ Wy
Resp! (Vig.y) = Ws @ Ws
Resg;‘ (V(Q,Q)) ~ W, & Wy
Resgi (‘/(27171)) ~ W4 D W5
Resgi (‘/(1’171,1)) ~ WQ.
The passage from a representation (p, V') of a subgroup H of a finite group G to
the group GG necessitates a more intricate approach. This arises due to the inability
of p to induce an action of G\ H on V. Nevertheless, it is feasible to look at /H,

the quotient group, comprising elements in the form of g-h with ¢ € G and h- H,
where p(h) exhibits well-defined behavior.

Let V., W be two complex vector space of finite dimension. The complex tensor
product between V and W, namely V' ® W is a condensed notation for the explicit
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notation V ®c W. It is worth noting that for any v € V' and w € W, the relation
(c-v)@w=v® (c-w),

holds for all ¢ € C.

Given a subgroup H of a finite group G, suppose that (p, V) is a representation
of H. In this case, it is possible to define the tensor product complex vector space
C[G] ®cpm) V as follow: for all g € C[G] and v € V, the following relation,

(g-h)@v=g®(h-v),

holds for all h € H. The induced representation of (p,V) on the group G is
denoted (Ind(,’,( p), CIG] ®cm \) and defined on element g € G by

Ind§;(p)(9)(z) =g - x,

for all x € C|G] ®cm V.

In order to gain a more comprehensive understanding of the operation of group G
on C[G]®ca V, consider a coset representation of G,ie. G =g-HW---Wg,-H,
where W denotes the disjoint union, with g; € G. For any element g € G, there
exists i € {1,...,k} and h € H such that g = g; - h. Consequently, all elements
g ®v € C[G] @cr V satisfy

gRv=_(g9;-h)®@v=2g;® (h-v).

Thus the action of the group G on the tensor product C|[G] ®cim V' is exclusively
defined for the elements ¢g; ® v € C[G] ®cy V. Specifically, for all ¢ € G, the
representation Ind%(p)(g) takes the form of a k x k block matrix that corresponds
to the coset representation G = g, - HW- - - W g - H. The action of an element g € G
upon g; ® v € C[G] ®&cu) V is given by

9-(9:i®v) =(g9-9:) ®v
=(g;-h)®v=g;®(h-v),
where h is the element of H such that g-g; = g; - h in the coset representation
G=g -HY---Wg.-H. In other words, h is defined as h := g;' - g - g;. Additionally,
it follows that h acts on a vector v € V' via the representation p(g]f1 -g- gi) (v). Finally,
plai' g 91) plor'-9-92) - plor'-9-9r)

. p(g2-9-91) plo®-9-92) - plor® 99
Ind%(p)(g) =

p(r" g 91) p(oi*-9-92) .. p(ai" 9 9)
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If x is the character of the representation (p, V') of H, the induced character
of the representation Ind%(p), denoted Ind’; () becomes, for all g € G,

Indf; (x) = Tr [Ind§;(p)(9)] = > x(9:" -9 9),

in the coset representation G =g, - HW---W g, - H.

Example. Let Z/47 be the cyclic group of order 4 generated by the element z.
Formally, Z /47 is defined by Z/4Z = {12/42, z, 22, z3}. Let Z/2Z the subgroup
of Z/AZ of order 2 generated by 22, i.e. Z/27 = {12/22,22}. Consider the
one-dimensional irreducible representation (p, C) of Z/2Z, defined as follows:

p(lZ/4Z) =1 and p(zQ) =—1.
The induced representation Indgg%(p) of Z/4Z is defined on the tensor product
C[Z/AZ] ®cz/2z) C generated by the vectors

lz/42®1, 2®]1, 2221 and 22®1.

But by definition of this tensor product over the group algebra C[Z/2Z], the two
following relations hold:

2Q1= 1z/42 ® (22 . 1) =-1- (12/42 ® 1)7

and
z3®1:z®(22-1) =—1- (z®1).
Thus C[Z/4AZ] ®cz/2z) C is a 2-dimensional complex vector space with basis

1774z ® 1 and z ® 1. The action of the elements of Z/4Z on the tensor product
C[Z/AZ] ®cz/2z) C, defined with respect to the generator z, is given by

maZe) = (1 )

Let C(G) denotes the complex vector space of class functions of a finite group
G, and C(H) denotes the complex vector space of class functions of a subgroup
H of G. There is an linear map ¢ : C(G) — C(H) given by restriction of class
functions. As linear map between Hermitian inner product complex vector spaces of
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finite dimension, there exists a unique adjoint map ¢* : C(H) — C(G) satisfying

(0"(9): ) =1(9:0(f))y »
for all f € C(G) and g € C(H).

Theorem A.16 (Frobenius reciprocity). Consider a finite group G and a sub-
group H of G. Let (p,V) and (o, W) be representations of G and H, respectively.
Then

(Ind (xw), xv) ¢ = (xw, Resg; (xv) ) -

Proof. By definition of the Hermitian inner product of class functions on finite
groups, the properties of the characters of Proposition A.4, and the restricted
and induced characters in the coset representation G =g, - HW--- W g; - H,

<IndH (XW Z IndG XW xv(g)

gEG

ZZXW -9+ g1) - xv(9)

gEGz 1

|G|| |ZZXW< 9:1)") xv (o)

geG held

|G|| |ZZXW togteh) - xv(g)

g€G heG

Through a variable substitution, and the explicit definition xy, as the zero class
function on G\ H,

|G|| ZZXW ) xv(h-g-h IGH ZZXW v(9)

geG heG geG heG

|H| ZXW v(9)

geG

|H| ZXW v(9)

geH
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= 1 H‘ > xwlg) - Res (xv) (9)

geH

= (xw. Resfy (xv) )

It is worth noting that the induced representation is not the inverse operation
of the restricted representation. However, they are regarded as adjoint in the sens
made precise by the Frobenius reciprocity Theorem A.16.

In the general case, the relationship between the irreducible representations of
a finite group G and those of its subgroups H is not established. Nevertheless, a
distinct circumstance emerges when H is a normal subgroup of G.

Proposition. Consider a finite group G and a normal subgroup H of G Let
(p, V) be a representation of the quotient group G/N. Define a representation
(0,V) of G as follows: for all g € G, let g denote the representative of g in G/N,
and define o(g) = p(g). Then o is irreducible if and only if p is irreducible.

Proof. Let x be the character of o, then by definition of o,

(6 X) ZX

geG

—%ZZ (3-7)-x(g-h)

geG/N heH
H
- _| EG:
:H#l S 1) x(@),
geG/N

where the last equality is the Hermitian inner product of the character of p.

A.2 DMatrix groups

A.2.1 Representations of connected compact matrix groups

The preceding Sections were specifically devoted to the study of the represen-
tation theory of finite groups. Specifically, the concepts of complete reducibility
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of group representations and the interplay between irreducible representations and
characters were thoroughly examined. Moving forward, this section aims to extend
the understanding of representation theory by examining the representations of infi-
nite matrix groups, which are closed subgroups of the group consisting of invertible
matrices.

A representation of a matrix group G is a pair (p, V'), where V' is a complex vector
space with dimension d, and p : G — GL(V) is a group continuous homomorphism.
The continuity of p is equivalent to each of the component maps g — (p(g))ij being
continuous, with i,j € {1,...,d}. If the component maps are rational functions of
the matrix components, then the representation (p, V') is referred to as being ratio-
nal, while if the component maps are polynomial functions of the matrix components,
then the representation (p, V') is referred to as being polynomial.

Theorem. The rational representations of a matrixz group have component maps
polynomial in the matrix components and the inverse of the determinant.

When considering finite groups, the normalized summation — 1 G| > geG 18 frequently
used as a means of averaging over the group. This technique is especially pertinent
in the context of reducibility, in Section A.1.2 and character theory, in Section A.1.3.

Generalising this practice to infinite matrix groups is not possible. However, for
certain matrix groups, namely the compact matrix group, it is possible to perform
an integration over a normalized Haar measure as fG dg.

Consider a compact matrix group G, and let L.?((/') denote the Hilbert space of all
complex function on G, with finite 2-norm, for the Hermitian inner product defined

on any ¢, € L*(G) by
(¢, ) = / d(9)v(g) d
G

In the case where G is a finite group equipped with the counting measure as
its Haar measure, an isomorphism between the Hilbert space L?(G) and the group
algebra C|@] is established via the map

=Y flg)

geG

The collection of results presented herein, alongside their corollaries, are com-
monly referred to as the Peter-Weyl Theorem.

Theorem A.17 (Peter-Weyl). Let G be a compact matriz group, then the fol-
lowing hold.

1. For any non-identity matriz g in G, there exists an irreducible represen-
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tation of G which maps g to a non-identity matriz.

2. The matriz components of inequivalent irreducible representations of G,
scaled by a factor of the square root of the dimension of the corresponding
wrreducible representation, constitute an orthonormal basis of the Hilbert
space L2(G).

3. The Hilbert space L2(G) is isomorphic to a Hilbert space direct sum of
wreducible representations of G, where the multiplicities correspond to the
dimensions of the corresponding irreducible representations.

Corollary. The compact matriz groups exhibit the properties of complete re-
ducibility and character orthogonality.

The third assertion of the Peter—Weyl’s Theorem A.17 constitutes the compact
matrix group analog of Proposition A.G.

Example. Let GGl, be the complex general linear group, consisting of in-
vertible matrices of degree 2, and which is locally compact but not compact,
resulting in a non-finite Haar measure. Let the representation (p, (C2) of GLs
defined on g € GL, as follows:

1 log|det
p9) = (0 g|1 g’)-

As this representation admits only one-dimensional invariant subspace, namely
Spang(1,0), the representation is not completely reducible. Indeed, if for all
g € GLg, there exists A\, € C and (¢, ¢a) € C? such that g- (c1,c2) = A, - (1, 2),
then it follows from

c1 + log (\detg]) cCy=Ag (1

Cy = )\g + Co,
that ¢, = 0.

A torus T of a compact matrix group G is defined as a compact and connected
abelian subgroup of GG. A torus of GG is said to be maximal if there is no other torus
of G that contains it as a proper subgroup.

Let S' denotes the unit I-sphere defined by S' = {e” |6 € [0,27)} on the
complex plane, and isomorphic to the unit circle on the real plane.

Theorem A.18. For all tori T, there exists some k € N such that T is isomor-
phic to a direct product of k copies of the unit 1-sphere S*.
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In what follows, a given element ¢ in a torus 7" is implicitly expressed by means of
the isomorphism in Theorem A.18, whereby ¢ is written as (21, ..., z;) with z; € S!,
given k € N, the number of direct products of copies of C* via the isomorphism.

Example. Let SO,, be the special orthogonal group, which consists of the
special orthogonal matrices of even degree 2n. An instance of SOg,’s maximal
tori is the subgroup T consisting of the matrices of the following structure

cosf); sinf; --- 0 0
—sinf; cosf; --- 0 0
0 0 --- cosl, sind,
0 0 --- —sinf, cosb,

where 6; belongs to the interval [0, 27). In other words, T is the set of all block-
diagonal matrices with 2 x 2 rotation matrix blocks. Each block is isomorphic
to an element of S'.

Let the automorphism of a compact matrix group G, given by the map h —
g'-h-gforall h € G. This automorphism induces a transformation on the set
of maximal tori of G through conjugation. More specifically, it maps a torus T to
g'-T- g, which is itself a maximal torus of G.

Theorem A.19 (Eli Cartan). Let G be connected compact matrix group, then
the following hold.

1. FEach element of G is an element of some maximal torus of G.

2. All maximal tori of G are conjugate to each other in G.

Corollary. Let T be a maximal torus of a connected compact matriz group G,
then

G:Ug'l-T-g.

geG

Consider a connected compact matrix group G and let T" be a maximal torus of
G. According to Eli Cartan’s Theorem A.19, for all ¢ € G and t € T there exists
h € G such that g = u™' - ¢ - u. Let (p,V) be a representation of G, then

which implies that p(g) and p(t) have the same spectrum.



144 APPENDIX A. ELEMENTS OF REPRESENTATION THEORY

Let N (7)) denote the normalizer of T. The Weyl group of G with respect to

T is defined as the quotient of Ng(T') by T', denoted by W(7") .= Ng(T')/T. The
Weyl group acts on 7" through conjugation, where for any w € W(T') and ¢t € T, the
action is given by w -t :== w™ - t - w.

Proposition. Consider a connected and compact matrix group G and let T be

a mazimal torus of G. The Weyl group W(T) is a finite group. Furthermore,

two elements g, h € T are conjugate in G if and only if there exists an element

w € W(T) satisfying w - g = h.

Corollary. Let G be a connected compact matriz group and let T be a mazimal

torus of G. The space of continuous class functions on G is isomorphic to the

space of continuous complex functions on T which are invariant under the action

W(T). Specifically every continuous complex functions on T which are invariant

under the action W (T), extends uniquely to a continuous class functions on G.

Corollary (Weyl integration formula). Let T be a maximal torus of a connected
compact matriz group G, and let f be a continuous class function on G. Then
there exists a continuous real function h on T such that

/Gf(g) dg:/Tf(t)h(t) dt.

Let G be a connected compact matrix group, with a maximal torus 7. The
Weyl group W(T) can be identified to the group of automorphisms of T' that are
induced by inner automorphisms of G. Given any element g € G, it holds that
Ng (g’1 T g) =g Ng(T)-g. Consequently, the Weyl groups of G with respect to
distinct maximal tori of G are all isomorphic.

Example. Let U, be the unitary group of degree n. The group of diagonal
unitary matrices forms a maximal torus of U,,, denoted by 7. Any unitary matrix
can be decomposed into a diagonal form via conjugation by another unitary
matrix, so U, consists of diagonalizable matrices. The quotient of U, by the
conjugacy relation yields the conjugacy classes of diagonal matrices with diagonal
entries being roots of unity, which are the eigenvalues of the matrices. In other
words, each conjugacy class is represented by a diagonal matrix of the form

diag(ewl, e ew"),

where 6; is a real number in the interval [0,27). The spectrum of a matrix is
preserved under conjugation, but representatives of these conjugacy classes are
unique only up to a permutation of the diagonal components. The permutation
group acting here is precisely the Weyl group W(T'). In the case of U, this is
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the entire symmetric group S,. Hence, then quotient of the unitary group U,
by the conjugacy relation is equal to the quotient of the maximal torus 7" by the
Weyl group W(T).

Let G denote a compact and connected matrix group, and let 7" be a maximal
torus of G. Then, T is an abelian group. The irreducible representations of 7' are
one-dimensional. More specifically, they are continuous homomorphisms p : 7' — C*,

that map each element z € (Sl)k of T, to a product of the form

p(z1, .y 2k) = Hzl)‘z,

=1

for some A in Z*, referred to as a weight. It follows that for each weight \ in Z*,
there exists an irreducible representation of 1" of this form.

Consider a representation (p, V') of a group G, and let (Resg (p), V) denote the
restricted representation of G on V' with respect to the subgroup 7. By the Pe-
ter-Weyl’s Theorem A.17, the restricted representation (Res%(p), V) can be decom-
posed into a direct sum of one-dimensional irreducible representations of 7'. This
decomposition takes the form of

V ~ EB Vo,

\EZE

where each V) is referred to as the weight space corresponding to the weight .

Example. Let SU, be the special unitary group, which consists of the special
unitary matrices of degree 2. Consider a maximal torus of SUs, denoted by T,
which is a subgroup of SU, consisting of diagonal matrices of the form:

e? 0
0 e—iO )

where 6 € [0,27). Thus, T is isomorphic to S'. Let (p,V) be a representation
of SU, of dimension d, and consider the restricted representation (ReS;U2 (p), V)
and its decomposition into a direct sum of weight spaces:

SU»
T

In this basis, the action of the restricted representation Res;. ?(p) to an element
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of the torus T is given by

for some weights \; € Z.

Suppose G is a connected compact group of n x n matrices having a maximal
torus 7', and consider the decomposition of C" into a direct sum of weight spaces,
for the representation of 7' that maps each element t € T to itself:

C" ~ GB Voma,

Nv/s

The Weyl group W (T') acts on this decomposition by permuting the weights \.

Example. Let SU;3 be the special unitary group of degree 3. An instance of
SUs’s maximal tori is the subgroup 7' consisting of the diagonal matrices,

0 ¢ 0 ,
0 0 e i0t0)

where 6; and 6, belong to the interval [0, 27). Therefore, T is isomorphic to S?,
via the map
et 0 0
0 ¢ 0 — (e, e).
0 0 e 0t

Using this isomorphism, the action of each (21, 2,) € S?, to the elements ey, e,
and ez forming the standard basis of C3, is given by

(21,20) -1 = 21 - 29

(21,20) e = 20 - 25

(21,29) -3 = 27" - 25",
This action yields the 3 weights (1,0),(0,1) and (—1, —1), and their correspond-
ing weight spaces. The Weyl group W(T'), being isomorphic to the symmetric
group S3, acts on these weight spaces by permuting the weights via the above
action.

Concluding the section, a summary of the various matrix groups of degree n that
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have been used, and their properties is presented, assuming that the degree n is
larger than 1:

Matrix group Topology
Complex general linear group not compact
GL, = {g e M,(C) ’ det g # 0} connected / not simply connected
Complex special linear group not compact
SL,, = {g € M,(C) | detg =1} simply connected
Unitary group compact
U, = {g € M,(C) | 99" =1} connected / not simply connected
Special unitary group compact
SuU,, = {g € M,(C) ’ gg* =1 and detg = 1} simply connected
Orthogonal group compact
O, ={g € M,(R) | gg" =1} not connected
Special orthogonal group compact
SO, = {g € M,(R) ‘ gg" =TI and detg = 1} connected / not simply connected

With the inclusions O,, € U,, € GL,, and SO,, € SU,, C SL,,.

A.2.2 Representations of U,

The unitary group of degree d, denoted U,, is the group of d x d unitary
matrices, i.e., matrices U with complex entries such that UU* = U*U = I, where U*
denotes the conjugate transpose of U.

An equivalent definition of the unitary group is as the matrix group that preserves
the standard Hermitian inner product <-, > defined on the complex vector space C.
That is, for all vectors z,y € C% and for all U € Uy, it holds that

<Ux, Uy> = <x,y>

Let T be the group of diagonal unitary matrices, a maximal torus of the unitary
group Uy. Let (p,V) be a representation of Uy, and (Resgd(p),V) the restricted
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representation of Uy on V' with respect to the subgroup 7', such that

V ~ @ V/\EB"A,

Aezd

is the decomposition of V' into a direct sum of one-dimensional irreducible represen-
tations of T, with some weights A € Z?. The maximal element in the set of these
weights, with respect to the lexicographic order, is denoted the highest weight.

Example. Let U; be the unitary group of degree d, and let T" be the group of
diagonal unitary matrices, an instance of U,’s maximal tori. Let (p, (Cd) be the
representation of Uy that maps each element U € Uy to itself, i.e. p(U) = U
for all U € Uy. Introduce the element diag(e®, ..., e ) of T, and let ey, ..., eq
constitute the standard basis of the vector space C?. The relationship between
these elements is given by the equation:

diag(e’el, e ewd) e = e e

The decomposition of C? into a direct sum of one-dimensional irreducible repre-
sentations of T" can be expressed as

where the index i denotes the weight A € Z? such that \; = 1 and \; = 0 for
every j # i. Consequently, the highest weight is (1,0,...,0).

The unitary group U, has a trivial irreducible representation of dimension 1,
which assigns the scalar value 1 to every unitary matrix U € U,. Additionally, there
exists a d-dimensional irreducible representation of U,, wherein each unitary matrix
U € U, is mapped to itself. However, no irreducible representation of intermediate
dimension, i.e., between 1 and n, can be found. In order to discover new irreducible
representations, it is necessary to increase the dimension. One possible approach to
achieving this is to consider a complex tensor product space.

Theorem A.20. For each weight X € Z% such that \; > --- > A4, there exists a
unique irreducible representation Vy of the unitary group Uy, with highest weight
A. These are all inequivalent and they are all the irreducible representations of

Ug.

Consider the complex tensor product space ((Cd)®n. Define a representation of
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the unitary group U, on this space by
U U,

Additionally, define a representation of the symmetric group &,, on the this space by
permuting the tensor positions, and extend this action linearly to the group algebra

cls.,).

Example. Consider the complex tensor product space ((Cd)®3 Let vy, v9,v3 € CY
be arbitrary vectors, and o € &,, be arbitrary permutation, then

(O (Ul X vy ® U3> = Us-1(1) & Vo-1(2) (%9 Vo-1(3)-

Define T" as the canonical Young tableau corresponding to the partition (3) of 3.
The action of the Young symmetrizer sy on the complex tensor product space
(Cd)®3 gives rise to a new complex tensor product space, st - ((Cd)®3, which is

referred to as the symmetric subspace of (Cd)®3, and denoted by V*C?. For
instance,

st (v @ vy ®uz) = ZU'(U1®02®U3)

oeG3
= (’Ul ®U2®U3)+(U2®U1 ®U3) + <U3®U2®U1>+
(v1 ® V3@ v2) + (V3 ® V1 @ V2) + (Vg ® V3 ® V7).

The symmetric group &5 acts trivially on V3C?, i.e. for all 0 € &5 and x € V3CY,
then o-x = x. Let T be the canonical Young tableau associated with the partition
(1,1,1) of 3. The complex tensor product space st - ((Cd)®3, is referred to as the

antisymmetric subspace of ((Cd) ®3, and denoted by A*C“. For instance,

st (v @ vy ®uz) = ZU'(U1®02®U3>

[ ASIGE
= (U1®U2®U3)—<UQ®U1®U3)—(U3®U2®’U1)—
(11 ® V3 @ V3) + (13 ® V1 @ V3) + (Vg ® V3 R V7).

The symmetric group &3 acts on A>C¢ through multiplication by the signature,
i.e. for all 0 € &3 and x € A3CY, then o - z = sign(o) - .

Let Uy be the unitary group of degree d. Given a partition A - n consisting of
[ parts, it is possible to associate A with a weight in Z¢, provided that [ < d, by
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appending d — [ zeros to the right of the partition.

Theorem. Consider A - n a partition of n with | parts. Let T a Young tableau
without repetitions on A\. Then, the complex tensor product space st- (Cd)®n 18 the
zero space, if | > d, and an irreducible representation of Uy, for the representation
U — U®", with highest weight X, if | < d.

Corollary. All irreducible representations of the unitary group U,, highest
weights X € N, is equivalent to sp - (Cd)®n, with T a Young tableau without
repetitions on .

From Theorem A.20, for a given partition A = n with at most d part, the ir-
reducible representations sp - (Cd)®n of the of the unitary group Uy, are mutually
equivalent across all Young tableaux without repetition 7" on A, thereby solely de-
pendent on A, and consequently, it is possible to designate any representation of this
type as V.

Theorem. Consider a partition A = n with at most d parts. Let Vi be the
corresponding irreducible representation of the unitary group Uy. The dimension
of Vi is equivalent to the cardinality of the set of semistandard Young tableaux
associated with \, with entries in {1,..., d}

Since the entries in each columns of a semistandard Young tableau are strictly
increasing, there is no semistandard Young tableau with entries in {1,...,d}, and
with more than d rows.

Example. Let Uy be the unitary group of degree 2. Consider A the partition
(1,1,1) of 3, then the antisymmetric subspace Vi3 ~ A3C? is the zero space.
Let A be the partition (2,1) of 3, then the irreducible representation V of U,
has dimension 2, since the semistandard Young tableaux associated with A\, with
entries in {1, 2} are

and

For all k € Z there is a 1-dimensional irreducible representation of U, defined by
U + (det U)*, and denoted det” This irreducible representation is rational for all
k € 7Z and polynomial for k € N.

Theorem. All irreducible representations of Uy with highest weight X € Z¢ are
equivalent to the representation

& 1/d
det™ - V7,
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where p = n is a partition of n with at most d parts, and k € N is an integer
such that \; = pu; — k.

The set of unitary matrices Uy is dense, with respect to the Zariski topology,
within the set of complex invertible matrices GLg.

Theorem. The irreducible rational representations of GLg are the same as the
irreducible representations of Ug.
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